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CUASDICAL  OPTICS

Ophics 15 branch oﬁ tlectrowiagelsm and - fhe |(9ht 5 desobeg  as an elerhmmagnch'c wave .

Al ideal  lokon | the Haxwell s equahon i the flain monodivomane waye . but thiy solubon

has some (woes  ——=  nfinife anount of  energy. single-frequency spettrom < v [[He]
|angolafreoueny or Qulsation 2 (= 21y [ 5"])

Hie phse 15 consant oyer gny | plane orkhogonal fo_the fropagahon direcion

A% orthogomel gline.ond the amplitude is constant everytime.
- W can 3y thot fhis lain wave 1 a TEH wave
| S K #wave vedor
- ., Z l'ﬁanwmv Eledne and Hagneh‘c wave\.
H
e K| = 21 L phase variation
y AT waelength length fariation

« K is alwap garalld fo the propaganon  divection
* BRX fim a st of a thie mbvally orfhogora)
e elecne field for this wlotion dependls only on & and tme.
Exlet) = Ac 03| phae fem ) = Ax-s | Kz = wi +6x)
L. amphiude L U phaseoffset | (comtant)
ane| wale ohireded, tolthe! posive z
Az = T(?_ A = ity ofl the| wave . \r=p2A
O o , e vetoaty of e elcomgnetic wave i
0+ Xy = c = 999992458 m)s = 3107 m)s

In 2 horpogeneus and  isotropic - medim (e.g. alr, (mter,%lass\ e @n define the index of reffrachion -

V=% < ¢ becase | N =1 {n=o n \lawvm).

N
L‘ the frequenty does Wit vany o hediom fo mediom - | X =

Ao
I
W ey and = direction, the - elechric field an ke writenas
Eyled) = Ay oo ke -t - 6)
E«let -0 1



The dimgysiombity of light &5 2 —— the plane wave iy desribed by fwo selar wmponents

The Haxwell's equahions  ave  linear parmial qiffevestnal egoalions in T ond H % e an apply the
Superpuiinon. of effects and yeprosent™ e glectric an magHEhc field win the  omplex representafion.
Exled) = Ax g HKE-UteGd | ) oI -t o L [AX } M -t

Exlet) =R {Ex {3 ﬂ\ (ons@ut_complex nomper | phasor )

[: Re { Ax [ U)SlKT-N\*r&) + 1 8in Uﬁ‘m *@(\“ = Ax KO\“(% - Wk + 6x£)
éx\'{.ﬂ _ (Ax@mx) QLK‘E Q-U»t _ on cih Q‘iwt

éq \ k\ U—\ Ql&’) @ e qu Qim Q-!wt

RS A,
E\‘t’&) L [ ] Q1K¥ aqwt

JONES VECTR - vepreent dhe stake of polarination of e elecomagnehc wave

e sote of plarcahon of light is described by Hhe Jores vecor | 15 & vettor with fwo complex component

= \t's an tlemenr of a mplex  9-D ecturial spg(g)
2-D | HILBERT SPACE

T make an anology I euclidean  georyetty tbﬁ the p\'(\he,ﬁw ms\an(e\ a_ vedor (ould e (omylﬂ?ly

destribed by falr of Gmponents , te x and fhe y omporedt
/~l{

_____ U { Uy
Uy | Uy

Nx

i a elepent of 9D evcligean vectonial spaes.

for fhe shte ofi plortahon of kght, the Tones vedors are dements o 9D Hilbat space.

Do the fibot e we an Qo gefine e Salor frofut petween two | Jones vectors
o I s dagger Operation

W x x alor prog. | Ax ® Ux X . Nx
ang ™ : - [ux My ]
é iy 0 [0 70 R ey el

vivatvix { ey

VO S T Y
matrix (L)) = salar

Watrix |21)



Oger cpetdion [ Ounglex matkix is simfly  the  conjugared transposition

odoct of the other yer

o) Jones vectors are  equialent P and only if one vecor s fhe

4

Gmple alar ceffivent. Tis s imporiut beaue tyo  states of polarnaon (and @ter qubit

Wl if the oo Ems YRttors  gre  equivalent

of

dlarizahon | are  equivalence. dlases in the Hilbet spae of Jones vedror, said vays

_

to

~
=1

revioos | deflinition of - equivalence fology wih fhe uclidean  geome
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We onsidey a
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Eled) = [

M
S
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Jones vector
Te Jones vector gives the golavahion of the wave.
( Boe = Ax e 't
éoy = Ay Y
o chadenze foe siale of folormion  fhee sle some  parameters
Ay /Ax
0 = 8y - 6x
51 lookigg e plane — yhere foth e x- ot field and -y - elechic field  fay. we @i see thak

the oveall eledac freld ey desoibes an elipse , talled EWIPSE OF POARITATION.
g M

X

~ T

A

Te piod is defed as T = A
The elanic el vedtor — fokates  comispondgly
* ki~ dokwise moment of T positve havldedvms) — |t dipha@l sRtes of  polaritahon
« Codwise momenr of E  ——> gt ellijhal safes of polaiahon
Okher paameters fo dewbe He elipse of polarciahon are :
b & gumuth - oenanon ongle o be wejor axs {with eget B x axs )
X & gliphody - — + arctan (b/o) fov Bfft states 0= TRjor Smi-axis. lengh

Whert
L \’ - Lartan \b/a) {’m Tt sfates b = minoyr stmi-akiy kngtb
e < T



LINEAR STATES OF POLAR\ TATION

A a parniwlar @ where fhe elige collapses o a8 pgment. This condon s et when b -0

Teq -
b 2 angle of fhe axu of osullahon of =

% - acon %) = acan o) - 0

It s vo more posible o we a sease of votahion of fhe elecwic flield vedot.

CRWLAR | STATES OF | POLAREATION

Tn this @se insvead the ellipe wlapes o a fopec owcfe, so when & =D In Ay @se the

sense iy ShIL yisible, sp .
left  ircolarstate K =+ wdom(1) = vz
ight  crwlar state + X = = owctom \1) = -4

Howeser, Stuce we o ok gishnguish. awymoe the  maju and the DK seni-axi, the  aximoth  §

s indefinite .

Mo @ alo define te NORH of a vedor |in a Hilbe apa(e);

H'”zﬁ the slar product | of the veor with ifself
.. Monn of the Jones veckor [:Elm]
f
Q =[EOX]f[€px\ = [EOx* ﬁbv*][igx] I Fiox*' on *é;,'EMoy - ll:d‘.ox.l" léwlz
Eoy

Eo
3
Eny EOI/ EO\/

Q0 e syoared nown of @ vector i3 the yum of the squavedl Woduls of the components.

e nomalzanon conditron — for [ﬁox] N M =N
Ey

it s eosy fo wite the nonmalized  Jones vector for a lineay state of poloritahon.

* Horionlal  state (H) -
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With squared norm -

IAxeiﬁx = (\l\z+|011) =A4x2|

I

I A= the Joes veswr for Hois mmmoliged and pubing & -0 => [I]
0

« Verha@! Sare (\I):

Ax=0 W

. . 0 10

on=Ax€16x } [A i ]z AVQL&/[ (
ye !

E,:Ol, = AV ) (67

With squared  novm -

[ Ae® ™ (e 1) =]

o Liner ste (%=0) with a generic awmoth ¢ , Yy
(05¢]AQ16 smﬂ \(b X
L3in ¢ os g
B RS R

+ Diayonel (@) linear swate (0 - 45°) and  anhidiagonel (- @) linear state | - -45°)

/@ |
novmalized - Jones vecor - |
for diagoal Iinar stare [ /2 l

Vg |
Nonnalizedl  Yoner vecor - '
for antidiagohal 1. 5. Re -

- i

e @n verify that the Salar progluct  befween Q@ and -Q is Texo —— fhis verifies that

Hlis Unear states are ortiogonal . This is fwe also for H and V  Soiks.
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for a arolay sate instead

> “'Rit é@ﬁk ] //, D \
x = Ry = T~ gk R !/ \\
§ =& -6y - é“—/f_// A~ the [ty (Omfonnts have to \ /
— I Quadraore | \. /
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The “Jones vedor By a tirwlar stofe -
i Wl
A o4¥ o i@ odfus bwitezy () -
= A = Ao i el
A, o 'O 0 g0y b/
1 ¢
. I |
L AQIOx - A 104
otL e ' ]
-1
Tor moumolimnon =72 am §x =0
L. L] SN TN V7 I T Tt S
9 |1
R. 1]
0 (-1
The salar produd  hetween and (R
I AT N I I A S R R AT N P
0 Lil A7l ) -0 ) 9

They i poxlectly  orthogonal |

QUASI - TEM | monochromatic | waye

. @ase SMOpHh

=
vs)

ansverse | confinement | off light

small_direchon | of e | elemal field| i a hranoverse | dredion |ffor variahoa | of | the posiion hin_He

Ex Lget) = e lxya) p~ b

{

aie_funcnon_ they are |yalar fludions
~ 1 .
Eylapat) =Y (uye) 1t
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Woasi- TEM yonochromalic  wave and o polavzahon coupling :
, J

The last lecure (e have found -

ELx novmalized
~ = Tones Y (wye) ~ OmpleX_regiewntation off the |@ryier
ty Nector —

[ e

salar [wave fondvon( (omplex| envelope)
Yepresents the Slake of polarirgnpe

T ophical inlensity [ power over the atea — wirt )iy diedly  proporhonal | 5 the  sauared norm

off the complex vector Yepreventahion -

s
g

for & monochwmahc plane wave along fhe €-axis:

2
2

il , ¥ (xy.2)

=|§x2* E\/

w [Xl“l‘t) = AO Ql¢°€lKE
constant vector

for o mono chiomahe  sneria\ wave — dwerging  from  the orjgin:

Yl - Aoe'® "™

v
SPIRTI@! | cordliates It

/\V\X«Vn{) in AoQLq)f ¢ W T

Lot's ana\we two | experiments -

9 DIFRACTION OF L6HT . BY A SINGLE SUT
observation plone [z =d)

slit/glane (z=0

&/\ : .
fwo_opacs | sheets | with q st fetwesnthem

We @n e the swlar theory of diffiachion | dertveed from  the Hopgens prina’ple) to measure the
infenisty of the field ot a cortain distone d.

Wi fie somyety of the geometiy we @n view e sifvahon w3 2D plane. 9



\\ Wk rerame the wave fonchon  before
Ly \\ >z eitering the skt with Wi, with W

Q
‘ ua | " \;5 } } 3 .. the wave fondron | afiter passing thvouyh
n ollt '\{J
| d e slit, qud V" the fing ive fonchmn’

1K
,\le =|.e N

=0

T=0

or W = ect | X =

| o |x] <« %
Your' =
2

0 el sewhere

{4 {30r -%éxé €/2

0 Osewhere

Wk on e the for- field approximanon | Frounhofer difraction) valid  fr

(Q/Q) & ( éol)
Al

VAR AP £ TN W= 4 o ME e ax)
Towien fiansform _of the rectange LA Ad
The @it wp of the Reld at xo = A while the ophcal intensity on the observaton
L
pla\ne NS l./IpeeK = ormlize(f
I"lx) < [l k )smc (ZX)
Ad A
I"(x) = Jpak -S\ncz(f_X) AN\ o~ x
Ad ‘QXO X )(0 2)(0 3)(0

The wajor part of the ey s onfained in e w-called the fist or central lobe.
e angle 72 that definey the tenbal fobe is called " divergence angle "

fan((?d) X% MU () — paraxial (ondihon

d 4l
Jn paroxia| - condition , the divergence angle is small |\ 0d < lnd) and S0 we ton opproxi-
mate 0is | afle with s Yangert or sine -

9~ fan g = A
{ (3.6 )¢ °

10 [e.g. Aaxonm  £=920m | ——> @ = Ml o= 25 miad <<|de



2) DIFFRACTION OF LIGHT BY A PAIR OF SUITS:
\ X /

Q 20,

0o "T‘L" d =z
N BPE

O L]

@ 14

2" il Yo & - thankts o lingardy of the Nawwell s equahy

The esult @n be wilen with the proncigle of superposihun . fle hial wive fnchion is sow

B te wave fonchon «

—_—

he | fat slit and the wave  foncion of the second i

VY Y

Wik = m?d'{X—“\I

" i R
Wm=@ e sin { [-

—

Yok, = ek | X200

Vo =_L oM qinc L (xra)

A Ad
>t 4 Le " s € (x-a)] « ¢™ ™ sine] £ [x0) 1€ sime| £ 4| o™+ o Ko

0 \d d ) ond

\ _ o wave wierference
far field vegme - single-sit difiachon— tev
2 ferp
|¢/2) « |
A
we  have )o. > Q > e/Q We have also consider  that ol « I
Ad




kledove  we've fm)nd the expresion of th
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old after the two olits:
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vl Yaty om0 { destruchive nterferetce) | 1 19 | conshractive | inteafievent )
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Il Ce A (x=a) edt = df 1 [ X0 )
P e v | ]
. [ ‘‘‘‘‘ " """""" B 2 Sall] fe
S N d |+ | X0 J{falfmld apphox
! o\ g /
Toghy exansion tinefed |at the 2 fp
1=“X+Q)l+(jl ~ ||+ X*O\\z
s\ d )
e od+ x-0) _ g, xFxof
2 %
M 00 _ 90x
M = d + x*o\)l — d',,. X *qu*'()z g
2( 0 W,
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The spatiat period (" itch ) of the interfference feun s -

A =M
20, A I“/IpaY\
l I
~~—> {fis has to e enveloped with the sinc®
RIER'ERERVER'ERE L
SN A A AN 3N
it iteference  finnges.
o™ A
1

‘A X >

TS s e Yong's experiment (ISDl) ond it was @ “prooff  of wave theory light against

orpuokr - theay of - ighe | Mewkon , 18" cntuy .

OINGLE | SUT | EXERINENT

s a ey smiar expermenr to. the inkeifevence of light by g sitgle slit Dot i fime we qon't

have 3 plane wave bt a seam of elechons ek mude on the ik

AR 2 Al the dedrops  with e
— L~
plection | ¢ l f MR- veloay lmodulvs {Y)
gt — RES
— ] 1 d - along the x-axis.
-
— P
oL  detelng screen
] g / 13




We expeck thot only the electiops in ne with fhe st @nanwe ot the detecing sneen — ge
eXRG o reGavglar  disiwdohon with @ width equal fol Whe width of the it
Tnstead, experunentally, e find 8 cardlinal sine distdbunon - simiar fo the diffiacion oft the  Plane wave
wlh 3 N, calld De-Brorlie wavelenght , a5 follow:
A-h b whe  h ¢ Pandd's onsont = 663107 Y s
R (10} i

Indicates onackon | = | poshion|- momentu) =/ enexgy - fime

IR the Plank's onstont wold  be O, He ecpeamert would  gve Us fhe infortive vesolt ofi 1o -Inferflrence.

Y

Q. A= 05um
f A=h o — u- b~ 6550 s
g="? my m

ﬂobabiliky density funchon | of deke(\mg an dethon at the  (osihion x on the devedng  screen -

Ly
Ad

with M = h
Me A

Puy < sing?

We have no decrons for - X = + X, + 9%, £ 3x0. ...

This 15 a monfieshbion of Yo Qualiom  wave - padide | of  quantom  ghisics.

COMPLEMENTARY PRINGIPLE | Bohr = 1998)

AmEEEERS

Wave - particle nplementary * of  conjugite
dualiy pnysigal | quanniies

e elecon diffiaction  and interferene s described by | he " Double_Slit_ expeyument

The siluabon is - equivalent 1o the VOUng'S experimelr  with plae waves , and | woks evn with

ove election at e tme. Ty expaument s alvo Mnown a3 e ' which- way " expenment. This
beraute we  (an vt Kwow in whidh | st e electon il pass thiough.

S the elton iy desd by a wave fonchon W (xwy,2) and the probability density fonchon

14 of mesorng | detecing) Mo olechion in ot Plxya) s | Yixgal|?



ELECTRON DOUBLE SLIT EXPERIMENT ~—> " WHI (4 -WAY EXPERMENT "

_E_> de\ech‘ng Areey)

w:eiK'é

. — p-h h _ b = fik

A= b h
P Mey A Tk Or

Lwedeq Plani's_ onitant ("h»bor )
We @an ansdec ab Rist the situaon  where e scond SIE is cosed s on  fhe detech'wg sqreen
we hawe e diRchon flgure of fhe sbit 4 The probability b fma. the electron. on the

Olteching screen s gven - ly

R - ¢ S\NQL\LGH—M}

+©
nomaliahen  (onskant | ~~—~r— 3 (Rlx) gx =l = | Q= .
[va]

Me on then (onsder fe oter case - slit | closed while the s\t 2 is open .

G (x) - C-s‘mc“[ilxw)]
2

1f both the slifs are open &t e same hime Mere is inferference and e fotal probability is not
simly the som of the fwo. sigle probabilies .

Py # Gl + 6o

i = [Vl = [ }W;(xs s

.
SUPERPOSIMON PRINGAE OF QUANTIH STATES . Y'(x) = ") + Yo' (%)

In general W"m\z = \W."m O mlz% Wn"(x)lg* |“l’a"()<)\Z de 0 quantom interflerence | T



T ofal probability an b approximated by e followng expresion , when x> A | £ «0q):

P = C snc (LX).'_[I . cns(?w&xﬂ Ad
A/ 2 Md 20

In e of mo-poth informahon. the eledvon s A sopecposilion of two  quantum stakes -
D elecon (assing tiovgh st 4
2 eledvon passing fiwgh sl 2.
On. the detecring  screen, the eledron will Do detected i1 3 upmique position | like classical parh'de\,
ot with o (robbility  distriuhion Showing inverfievence | fringes | like a dasial wave) dve fo
davtvm interflevence
K5 psible o Jeatyoy - the  Quantom  inferfipvence Dy | insering fwo - detector (pjﬁh de&ech)r\ m @ slit.
il deveek only the famage of the Pectron , wilhout dbsorb or destioy it
In NS case we obsewe fnat We Qlection v either pass thwogh the s v | o the AN nr. two, anol
Quanfum state reduced fo state || qgantom stafe reduced [to stave 2

D We ot ge e gasiage Aouh both slits, Moeover the inteerence. is destioyed and the ero

fhere is| no_Jmore_superposihion

probabikry  poinks 0w e deTecing sween e no-more  yisible

3 Me path-detectors are not s efficent  the ineiflerente fringes axe shl visble . even R the zero-poinrs
are momore e bl 4 value  slightly argen

Tn fhe case of two parh -derecors i fhe sliks we have

Plx) - ‘_l filx) + (ﬁtx)] r s {&1
2 Y

= ftincgle of (OMARKENTARITY | Dohr - 99%) = Yaue - Particle Duality.

The pat- deredor @ be. \mglemented Dy usmg 3 Wilson chamben |~ 13%9)  This chamber is nabole

with 9\ changed parmdes , like electyons for our t@se. The chawber 5 Wanyorent andl filed with

sotiaed vapor . When 3 harqed grtide asy Hvough this vapor , it oedtey due fo ifs  charge, an on
hat quickly Decomes 4 (ondensanon ot for the vapor. What we we i & tae in the vapr

16 vt (nolicates the  gath oied by the electron,



Ir's tmportont also to falkC ghot dne  “ Copenhagen interpretation ™ of quantom physics - ks 2
sann@l - inferprelavon  osing the wncept of the wave fonction Yixy . e quadtum stare of a
arhicle \eg. fledyon , Profuns, atow, ions, parh‘aes) i described by the  wave | fovchon  W{xy,®) and
the - probability densty fincriop of defecting  the  farhide i a point - Pluy) s given by

Plxyz) = M’ xu%)\ ]x {jv

The prababilly of flinding the farhde in 3 volome V. is

m [ Vixgo | o dy e /
V v

¥e hove also fing thak for an  electon \pamcle) \ith 3 well -defined valve of momentom -

5> €

Po=m pligoed |wih - oxis
I§]=p-m.v
the wave foncvon Qewribng this state s given by a lave wave
Vie) - C o K3
with e de-Buoglie wovelenght velston (- Tik .
Yi® = C e%
'“H%)'z = ¢l ot dependent on  xy.e |

L i this case e wae funchion_is [not ormalizable

Thert is & omplere  Geloalieabion . so thee 1 fhe  vawe pioblity 1o find the electron  everywhere

The mehaniol oquanhhies wiich ave cononiwlly - onjujate die  omplemeniiry in quantom  physics -

7

X, P

Y. L | .
ate fairs | of  omplementary - quankties.

TP,
tE

Complementavity  weans  that if's ot posible fo imoltaneously Nave well - dePined values for a pair

of  (omplementary physial values. -
7



UNGRTAINTY. PRINCIPLE  \Heisenbeyg, (997)

For (omplementary —physi@) - guanhties -

X X > H
2
IE's another: manifesalion of the complementary  principle
F A K é\
— BB
em . :/ | | //// T'
Un L 3] L/// 6’5 Px ,1 Jz
() ;: /{z\\\\ — '/
0 2% R, ¢
¢ eLKl vd )
The action of fhe it v fo bring the pafecy delowliney wave fmchon it a cenfr)

an q MM\MML,QW]QDWM o fhe Fina) vioventun  vedor

The slit inirodoces  an incentanty  on the govnow | and so  on e momenty

P Y I-hWHd v D‘?‘J L )\ APK Aup A
[ 2:N
— f o DAx
=> /\X'Ax @/A) - h > I
[2 9| 9
\
A=1D




UNCERTAINTY . HEISENRERG  PRINCIPLE IHPLICATONS

We moy want to apply the uneerlainfy prinugle b a macrosopie  body . suh as a lennis hall-
* oneriinty in gositon | Ax = 1 .

W walr b @lwlate the uneriointy in the velocdy fiom the wnomettum -

Ax -Bp, = b N w Mo | 8830 v 3072 g -
9 Ax 2 (1ntm)
o= MU ——  Ap - Do L 30T Rems 15 0 s flegigivke |

m 607 Ig
s lin s oft electons e sy is| eally simell => e
uneyiainty on e | vebcity is no  mbre | egligible
e imghations of e Pesenberg  princigle for e wacrosopic | dascal physia) are melevant |
Jois posible 10 say MRY - classial medianics  taw De oblalned  From ouantow mechanics in
B lmie of b — 0. The dossial mecnonics v a “very good” appiximanion of quanfum yiechanics

when the product  Devween ‘rqpn’m\ tollerances fieasoring & pair of @anonically (om'ogared phymal
¢.9) Position-Homentim

Quantifes most be much higher than the PlanK's wnskant

Eg. . Tonnis fall pasying thropgh a9t

? v =108 Kmh' = 30ms~! m = 60g = 6:107* Ky
é A2 de-Broghe wavelength - hN_o h oz
N I )] mu-
)
7 L=Im Ua & diffiachon angle = A 2 3 g
2

/
Z

OCHRONINGER | WRAYE  EQUATION

Waves of mater | or alo " mater Wave“) e desuived by wave fonchons Yixy,x).

We Know by dasn@l ophes  Fhat  Mono domabic  waves i Y fre Orogagabion " are descriped

by & s@ler envelope My obeying He Helmhote equation. 19



Uni{?qvm

V2 Yixga) « KTWixyt) = 0 whete ¥ < madulus of Me Wave vedor | = 2T - 2T ) Mo

X }\0 gonstant—

) ) (3l e
with soitoble boundaw ondions poirs.

The | Lagladian,| operalop - (3 = 07 0% 19

Ox* oy 97
V2V (xyx) = o Vi) ﬁ“ﬂx.qx) L2 Yixge
o oy’ 0t
KT

flane wave wlofon = Y =1 Cie

Ve @n sy verfy that the plane wave s a solutn of Helmoltt equation -

vice™) ™ c Eﬁie(ﬂ - ik 2 1e™) < ()™
o oY\ % [

= - etk Versors -

- \-CKZQW) ! K’((qm) = 0 \/ Veriffied ! y

—_—

This is a0 sabisfied for @ geveric wave—vecor | — any direction): K = K Thx = KG oG+ Ko I

In @se of @ genenc plane wave veckor .
Loy L poai’(\'(m vertor:
K-
= CQ" @ sz\xlq.‘e)
P(xr.e, %0)

(K« LK 1$%3 ((Kex +K=
W\X\u.ﬂ i CQLKx‘QI,\/'sz _ C-e“ X vV +K=E)

K2= I_Kr: K(2+K\I2+KEZ

The solotions o the Helmholce | equation are eigenfunchion o the laglatian ogerator ¥V, with
pigenvales - K
[ Il (Onstder . an | operator M. T b write an eigenvalle. equahion :

MY < m¥

If the eality is swhisfied [we @n say [t "W is EIGENFUNCTOD | of M and | mois

ELGEMIALUE of M .

ViV = -k *Wixye) |~ Helmhol ea. writen as eigenvalve equation

20 = fhe emvelope “Pixy.1) are eiqusolutiony ond egen funthions of V7, with onespinaing eigenvalves K



Only for the  plane waves , is also eigenfonction of the gifferential Vechrial operator = the GRADIENT

V-|°2 2 i) where V is the “nalbla’ opertor
Ox Dy D%

VY (e - gadl¥) - VT W, Vi
0x 0y 0%

Eg. : plone wave

’\P‘QiK.K L Qik'xx QIKyY Qle'é

0 Y(xyr) = i o ¥ emv et kY
Ox

Only the glove wave is evgenfuncion of 2, 2 @ with eijequale e (K, , LK.
0x Dy 01

VY (xyt) = [ﬂﬂﬂ) (Y iV e ) - i ie) Y = iKY
0x 0y 0t

The qvadient of the  wave fontion Y is equal by the product of L, the weve vettor and ¥ = the

Mlane -wave foncion Y is eigen fouction  oF V' with \vcm)nal\ eigenvalve K

In quantum  gaysics | the | quantom yote of a malter wave (e.g, an e\emon) with a well- defned

valoe B of wmomentum 1s described by a flane-wave like * wave fmion

Yixye) = em'i wheye | P ~ K &)@-ﬁmg]ie ation —> A = h

| iss D

T‘Lﬂ
e

but the gradient of V¥ is -

VY- KY -LpY T | -h VY = DY | Eigenvaue equation
i

e well -defined valve [ of the vomentom for the paride 15 eigenvalue of -~V
In quantum physics, the womentum s described by the  cperatop -
SUAVAER EYA TCIRETUBANES N

X Dy 0t
21



SDUAL NECHANLCS UANTOH Y3l

ties ) (operafors)
x 5, - i 2
0X
" §7 N
o
1 D =-if 2

=

02

— N A A A
)) “) P D\ D =( x Uy (1\
r it R R A




The last fime we hove seen thall fhe yomeqtum in - quawkum ethanics G be repesented by
the  opergtor

7 - -ifiv
i the posihon - repreventation  where the quantom s s dexcribed by the wave fonction Y (xwy.z)

;%' Yo = -V Yz

We woy onsider e w-called  “Fiee paricde | { that s o gaide in a regon withoot
external Kov(eﬁ_ In dani@l  physics the evergy of this parhcle is  matant \— o change
during Qvo\vh’ow) and it s gien by e ex pregion

E = E.Km = I_.mUQ
2

~

f

p=my — |E- L F
2 m

In Quantum  physics we @n whshture the womeatwn p with s operdtov  and obfin the  energy
opeistor , fhe »-lled | “Hamltynion ojeraror * or " Energy  operator "

o
5
T e VA

s Afaglacan

%:Lm@quz;mz)=whw@\
0x 911 ot

In desi@)  physics -
e gl g

1§ we wove this rellin i quantwy medhania :

AR A {_+__2+9_‘} RN R ve
g’bxl v
LAPLAQAN QPEKRTDR v*

62“}/\“{1\ - -V Yl
23
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e Homiltonian opevator for the " free ! particle s -

H-_nhy’
I

fr o fre paride the quantom yate with  well - defined  Womentwn vecor § i described by
a " plane-wave \ke " waie fonchion:

PR I
,\Vli.) _ QLK;( -l o %

Do thiy @se , i the womestow Ofi the gamde iy freqie . also the eney v well -defiined . The wave flnchon
5 eigufoncion of the momettum weatop J and alo egenfuncon of e Hamiltoniaw operator f
(bmw wel- defined o = well -dleflined energy E\.
e eigenvaloe of s Y () fur f i excty

E-L P _ 1Pl
M

L L
2 2

AY - Ev | — Schrodinger  equahon

For o free-parnde the ywnmary lwith prbabity denscy fonchion || time-mdlpendent> dtates | dre
destr (hed by wove  funchons  W(rye) solving tie  THE - [NDIPENDERT = SIHRODINGER  EQUATION.
Te stabionary awte of any quavtum  Systtms  are  elgeasolotions of the  hamiltonan  opRraten with

tignvalues  given by the energy.

The stotes wih o wel - defned pusihon | She so-called *ell localized | posihon ) AR PUMRSY
will - be described bq a wave - funchion given by 4 Dinc's delfa centered in L2
Vg = §lx-x, 4=y %—t‘\

© for x=x'y=y, e-%'

- 6(xx") 6 ly-y) -Sle-e) =
0 otherwise

e monoGumensignal case @ he vepiesented as follows

AN

| 8 x-x)

Property . Blx) - §lx-x) = flx']-§lx-x!)




an De denhfied  with the product  x-

x>

‘The  guantum.  operator

Yix 1) = X Yiayz

>

Ino i ase the well - loalagd st with  posiion  x* s Qn

eigmm ve  x'

S x- b6 (x=x")

>
1l
<
O
~
<

X 6lx-x! y=¢ z-2') = X §lx-x Y-y -e-z\,
08 x=x! y-g e-2) = 1S Lxex, y=y -t

\, 10 1 M1
28| x- =y t-“\=e‘-5(x->( Y=yt -‘E'\

The p0sihion  opewtor

ﬁ‘—(\)?l:l\,\\, = e = xwyt
T VE) - T PR - XYy e )
Any ghysical auamity  of classical mechanics (a0 Bg wiitien as

[E
=

Vi
v

I8 we move o ouantum wechanics | the | observable 15 deatribed | b

M =M[T.7.t) wib T =T gnd o= -
The energy of [?re jaIfidle
clasyica rhq iy E-f
mn
n /\?.
Coquantm phpsto - H - P
Im

In the general e of a parhile Tn a (onservohve field of  fores

Eroe = Egin + Epk = a « V% ’Y)

In quantumr | mechanics  we | ave thel hamitonian  gperatoy

=vo

x>




) =V EVEL VL)
om 2 m

We @n mom wyite the  TIME - INDEPENDENT | SCHRODINGER 'S SQUATION
HY(T) - EY(T)

l

VYR - VIO VIR = E V()| Diffenal ewaton { solved impoung e bowndary ondchons )
Im fifne- inde peqolpxt

We wont now fo analyse the MEASUREHENT PROCESS.

Tn Qi@ physic the Weaerenent | pross s NEUIRAL | ie the Measrement oher ot perturb i
principle W meawred  propatiey of the oment), 30 the measurement veiwls are [in pn‘nur)e) iholipendent
by e ngasorewent device) proces . Tndeed . bhere s o mall emor in M wiasurement doe o the

hvniked | precion off the Medwrement  clevice | ot there s vo Pheorenal limrt increasing. (redsion, the

ot fends b wera) | We tan vieawre at 4 given  IsfanT of fume, posion X eng momentum g
(velou‘h‘) of any  waqoscop'c body , and then i a deeminshc wey we wy wlwlate e

mofon. ofi He  body andl ifs rajecory .

On the oher hand | in  Quaum physic the weasurtment pcen iy WO NEUTRAL | 'mt wtial obsener’)

that is  stvnctly perturbs the spstem. Tn quantum ghysic, the  physical - Oropertes of the sy stem

ave infloenceg (in 8 Hewetrcal way ) by e obveryer
The QUonltm . weaiemenl process 15 random  and ineversible (ot reversible )
RANDA : the Knowledge of the quantum stotes g dewyibeg by ‘Hxlw\) deflines  the
probabilities  off ocurrence of the  pusible reyulks of @ Weasurement
RRRVCROIBLE.  Mhere i b an inverse proess vewvering fe (nihal stote fivom fhe state obtaipedl

after dhe meawrement. Tiew is nof [in general ) an tnverse operafor cancelling

te meayurement prowesi . Mot > Vi (apart jome pornwloy e ),



TIHE - DEPENDENT | SCHRODINGER 'S €GUATION.  (1996)

AYED - 2 Yiey
ot

We fve seen What o free- pavnde with a well -cefned momentom  p = hK  and hene also
well- defined  energy € = By = _:, iv descibed by o stabonary  quantum state
wilh wave funchon “

Yio) =ce \plane Wave , eq. propagalivy along the T-&XI'S)‘

Wo @n omider a ‘monochromanc” plane - wave with Plankc s yelahon  (19D1) .

E-hy = Tw [Hmly introgued by Pl fo Qx(loining | the iswe ofi_the |vadiatvon
of ‘e black body ].

In the following years , this eneviy hay bign | veaguised also ay He single photon energy.

The  monodivoyatic  prame wave for fee partde of energy E -
Y(f.t\ = C'QilK%_wk) = C.Q(KE Q'“")t _ \sz) ‘Q—iwb

l Using Plan's equation

E
Yicd) - Yy ¢ 1 t

1Bk _iE¢ il
EYH.Q = Y(o. _B_Qlﬁ < Y(r) (—(%}Q Nl = 'i%Y\‘E.ﬂ = -iwIJJ(z.t) 0)
o
E

HYE& H\Vlt Lft

Wo asome mw H e - ndependent -

iV - ¢ v
Vi) = e - QK%E
1y an e\'g{nﬁuwm‘on of 32 —— for a flee paride E - [
e o polenial_energy in i case |) r
2
M) = ¢ e"K* 5 aho  elgenfonchon of /‘;\

27
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tht s Wie) 15 a solshon of ‘the time- tndegendent Schvidinger equation .

WQ ha\l@:
A E
AYien - Eve - EYed @

We @n tompare the expression () and (@)

0 [2 YRy - -E ¥l

ot I

~ J ate | pqual
9 [ HYly =
LA . Time - depencent
> 0 Ve =_ L H Y T H W) = if 2 Vieo Schoginger s
ot I ot gQuahipn

Jtis qowible o extend s equanon o all Kind of wave fouchon, and not only atb ynonothiomahic
Wave  funchon,

T general.  flor dny-pavhicle of NN~ reltishic | Quantum wedianies we Have Hhat in the
poaihon - vepresetavon the  Kiowledge of the ware famton Y(TH)  for t=t and of e
Hamiltonian of the 3ystem .

T

I T2 2 IS P £
Zn m

-)| >

for ang fme Y2 fo, then it 05 porsible fo  determine YIRb) just solving e Suiridinger equahion -
HViry - 2 Yira)
ot
feassume nowa poteytil  energy Vi) fome - olependent | ie. time-moependent  conservative field

oh ﬁoﬂ@s, (onaidered acmrdmg b (assial physus);

F(w) = V(%)
L
\A-l = P LV |ime mo(epewolfnt\
I



3 YiTh) - - L H Y (s

ot ]

This 15 a very simple fior order linear difertmhal eqoahon with  ©ntant  oefRuents -
i?(ﬂ = u-f(k\ solobyon
dt o = Pl e

il - ft

Bq simlority  we @u_wnle the Solotvon of the Schrb'dfwyev equahon -
L

kvt H)
Yy -t Yy
TIME- EVOLUTION  OPERATOR

Te eigenflonchon of the Hamittonian are iovaceried by a well- defined energy £ (eigenalve) .
H¥e(t) - EYe(n)

We avme now

W i eigenfonchon of an oerabor A [ with elgentalue o) B Y is al eigenfunchon
of g (A), with egenvalve glo).

L {t-to) i AT,
Ye (X) i egenfoncion of e ! t)H,wﬁh egemale ¢ 1) E

L
> VYigy - Vo) g o)

L
e B=0 or equualetly molkiplying Y by Bk

(Ww Quanrum_state s destribed Dy wave funchinapat flor o mullvglicabve (omplex Loeﬁ%a'ewt)

Yirt) end ¢ YITt) destribe te same quontug tate !

“Llet
Yizh - Yelr) e M Stationary stete (the ouortum state dloey ot hahge  during time )

By 1Yy - mll

Ye(q) ¢ = |“}‘el'ﬁ]l2 — lime- independent !

29



OPECTROH OF |AN  QPERATOR.

e spectrum of an operator s defined a3 the et of its  eigenvalues

SPECTRUY OF | AN (BYTRVABLE .

[fo! exdmple e Hemitvan opevaw) v il -valed [ llechon of e posstble rewlts of
neasivement of  the observable )
e spetrom of the hemihan Operakor i be of fwo Kinds -

distrgte - finite or quntable infiwte nuwber of 2genvalues

ONkLAURDS . 0w} - countable infinile nomber of eigenvalves .

mixed  dixrete | onhipyous

In @ of the Vomdtoman operator o o quanfom -rmechanicel watem e Spectrum | for
oney g Ql’genvalues) s discrete for boondedk  stakes | Nomonic oxillstor, an eledvom in afom | an
election in & molole ) Whileis. contiuous fur - onboonded  skates \e.g. e garhle).
Tt i powible t bulg A omplete orthagonal - basis for the Hilber space  deacribing g
ouator System —considering e eigen funchon  ofi the  Hamiltonian.
We @n expand a genenc vive fnchon ay operposinon of elgenfunchony  of i (tar s
sanonary | ates with 4 well-defiined energy).
\ Distrete spectruin of B).
A% (%)
Yi(xo

I

En'¥n(7) 0=0,1,2,3, ... ma-neyshve integer )
Y@ = 2 o,Y, (@)

)|l

((onl\‘nuws spectwm);
Vis0) = ¥(T) = | o, YelT) b

F\%UE) = En¥u(7) (x b 3 real nomber varying i & (oMhnUow inrerval)

30 Tn the disrete spectom we caw Wike Sae  Scvpdinger equahpn
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St
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-

V(i .t

lifiear npomh)r

Yim.6) s in qoneal  TIHE- DEPENDENT , so | IR |

The quantum stte 5 iy

-
Cpn-

g
=t|=
=
|
R
S
T
?
=t|e=
ﬂ'l
&
]

AV Ly = H%le)-

dependlent only  when the i3l wave fonchon is an eigenfonchon




CLASSICAL | (Ask

Single Dody oh mRss . We kvow gosifun and  wowentom & the inital | tome | fo -
Y“ﬁ) = Y,o Lo

—_

plb) = s €

Th posion and the yomentumat gy bime @ be owluated through the Newhn' s seond  hw-

F(TH = malt)

(0
FATh) = m @ 7B ——  seond-oder differennal eguahon
ar®

Wah nit@l  ongibiows -

T((tt)) = Tl.o
Tlt) = 4 %l Y
de b=t m

QUANTUN | ME (HANL(S

for g Stgle quanfum e of mes M lfor inskance  electin . afom, et(....) atinibal  time. t
we Koow the quartum sate expresed by te wave foncion Wlcyx) . So we Know he prokbility
listvibohon of  the | griide in the  §ace.

l"i’(x\q,t)lz b fhe gopability  density  foncvon of findmg W porncte ot point P (x4, %)

I

Tt iy {ossible o determine the evoluhon of the wave flmnchon for tz2te 0 o delerminishc way
\but i abeqe of  meswewents 1 ) slving he  Schusdinger's - equahon -

AP0 - 52 Y (e
ot

with e inal it Y (k) = AVAT) . the  quanbm nate evolunon s -
L (b-k)f]

W\i,k) =g N 'Y\Ti.ﬂ)

32



for the harmonic osallator -
Yinh) - 2\, (%) e B YT = Baa(R) [amvnmg f hvne—mdepmdenf)
_i‘_({‘fo)'E."
Yt =2, e’ Y, ()

NO | HEASURRMENT |

m

Quoutvm drate

At t=to the iibal state is: At Qn instanr of fime | t2h-

Y (x,t)

Y(Th) = Yixye)

Heasorement at a tme 1 2t

Ve mese an opevable A (a physical quanh'ly).

Heasore of (A J
inidl Quntuy - fate: fhialuanim state

Yuld) - PIEt") Yor (1) = U (7.t
In genea] (%) 4 W (%)

The “basic” quantum mesvement is o  PROJECTNE MEASRRYENT . (xandom) collapse of the wave

fonchonwro | an - eigenfuncnon o the [ hemiban ) cpranr A vt T the  obegble A

]

In | @se of  iscrefe— spectum | operator -

At = 0, [ecgenfonchn for the | operaror A |
Obsevahion Nour = Vi
R A
Yin > measwement resut O

Tn the (opewhagen tepretanon e  probability ha\n'n9 5 o vesdt 0, i

B salar product Petween fhe  eigenffnction Y and the inihial gate Wi 33



m Y e) - Y (g2 ol dy e | Bom's wle)
-0
Hermihan  operator A
(. oigenales a, are rea
o, eigenfunchons corvesponding fo  different eigenvalues are orthogonal
Om # Qn == /\“Pm .Wn ave OYH’]OQOHGI ( ie. null salar prodvcr)

mmw*% degly ol = O

T we consider Wi = Y \n=m) . then the vole ofi = observable for fthis sake it S well- deflined

Lwith o umeﬂamfﬂ andequa) o the eigemvalue o,

wth
vith | P
HEASURE HENT wwm A
Y
\mﬂ« Pu \)

Vi
resblts mal states Y

Y

B W= Yo (mth agenfinchion) then the probability of - Measuring &n. ( anp (orvespondingly  to
hawe 3 wave funchon ollapse i orthuonal  prjection ) is

mm Yo bet) - Malxg3) degy de = 6,

~®
where 6, 11 the Kronecker' s delfa -
] | fr m=n
b - 0 fr m#n
Orthononmalizahon  @ndlttion fbr — elgen fonchons

) +( \
[ " Yoo dXdl, e = \"Pm’ o dy dr = [
-@

This i e nomalitahion  condlihon | applied fo. the initial stare Wi = ¥



HARMONIC | OSCILLATOR

Clisial_ @

ome examples of (sl harmonic oscllator o be the  LC it or the wass atadiel

Y

oan glasric Sgring
Fee 2 elastic vestorative force

9 1M Fx = "E(X-Xm\

s ¥ plashic onsrant

A equilibriom = B =0 o = xq

To wite the moton eouabion of the | System  we haue fo use the  Newton's seond law:
F-wma

Inoor 1-D (ase:
P =mox  —— - K (x-xq) = MK

This &5 a differential - equabon. Rotkung the equilibrium pint at the ovigin 0f the cartesian playe

(Xet =0} we oblau-

2 2 w-tn —
nd i -0 | ——  Ox.Kxop  —— |k .k -0
ae® at’  m gt

The soluhions of te  Gifferenhial | equaon ave :
X = A ol wt « 0o
p(t\ S M = MK = —maA-sin Wk - dy)
We can flofe Hhat ' x(t) and plt) oxillate Narmonically i QUADRATURE at tne same plsation
\avigular KYQQUQV)(V) w = {¥m
Jmposing the il condifions .
x[0) = X
plo) = po

we @l dtermine e amplitude A, e initval phase ¢ and e deteminishic evolution oft e 3qsteng
5



The Kineht Nergy s desuibed by he = ex pression -
Ean = Lmwt = P
()m
The fompoal mean  \average ) of e Kineh energy s
Ean = | Ealdde = 1| RO ge o 1| mhwA e (wk - do) gt
~ T TJo an T/ 9m
period — L
_ AT Al KA

N
—]
Ne|
O

Te potennal en YJy - instedd (Onsenative h\on-o\(s*ipe ) forces is

=0
=
(=)

Flx) = -4V ()
X
(
Vix) = /I Flix) dx' | = = work’ of the elastic force wing (anyn eg 0 |2 eneric. osi
Xeq=0
(
IR N AR A
o ) o )
The temporal mean of the potennal energy i
L ]
Bt = [ D) de o U e wAT s (ko) db = L mwrA
T Jo 2 T 2 4
Ean = Eox | for dassical haxmoni¢ oscilator
The. tofal eferg [ ha [lhman\, 13
HlX.Px] = _Kml‘lfx) + Epo'(‘x\ T F": « m *x?
m 2

e hawmiltonian , in Qquantum wechani s is on [Wer Ih n\ ()pvmtw

~ ~ ~ N A 2
Hf‘l(x,ﬁx = B Umgrr”® where | x% = R*and DX = Px




Jn Y posihon - vepre senfation , where e Quantum state i described by a wave fonchion

depending on the poxbon ¥lx), we @n write.

O — -9
pY
OO NS (N

We @0 wife the time - ndegendent  DomGedmger s equanon  sobbons , that are the Stahiunery States
\‘n’me—ir\deandem‘ Decaute in our ave H s T(me-inuependewt);
Awx = Evi Kelgema\\k equation for h)

_h Yix) o e xY(x) = EAK
m dx )

The soluons  are an mﬁmne set off disorere :

Mo (x) - exp[ "“”x) H,

‘/W'hix

| mw
Yo" nl (ﬂ

tormilizaton oefcent | Gaussion fnction— Hemile polynomials of order n

Y e stationary states wifh well - defined energy

En = fiw ( n +l) screte aloes for the energy = energy
9 (uantitation

Q) e eigenfonmons of  with | owisponding egenvalues En,

Hy(z) =

H(z) = 2.7:

Hy(z) = 42* — 2,

Hj(z) = 8z° — 12z,

Hy(z) = 162" — 482 + 12,

H;(z) = 322° — 160z° + 120z,

Hg(z) = 642 — 480" + 7202 — 120,
Hermite Polynomials

W (x) have well - efined panity:
fhe gavssion fonchon iseven ;

Hermie polynomials have the sawe farity of n

Where 12 quantom nomber = 01,2,

37



e for een ven: | Mhl-x) = Yhlx
= Mhx) is 3
DD for odd n 0dd: | Valx)l == Wlx)
The Pundomental skate is fhe  minmum eneigy s | also oled " non-exiced store ). Tor the
tun Mermonic oscillator fhe fndamental ste s for n-o-
Yo (x) = Coexp|_ Mwx’
Oh
nd it is a gausian Way unction !

38




CLASSICAL  HARMONIC OSULATOR

A By €
VIX) = lelolx"

. Pohop. x

XB = A @lot + )
Havmonic  sclohops -
(withperog. T= %‘)

Pl = = A mu sin \wt .

ke = 0 _ L AP muw? sin? \wh%)
m 9

Ept = Loty = LA W @ (ot + o)
0 )
/\EWH‘}

Exampley o tmonic osullgtons ove -
Yesonant LC - eledvicdl Cowit

ClRINC | sprng

heauy  body on & tylingricy)

surfae wih  periodic profile

ofi e height.

3

fwo Darmonit oscllahons  with periogh [T

%

in_ phase gpminion Lo in anh’-phase)
\\m aswme o =0, 4 ‘-0)

> lime

T/ =

Eﬁn ‘—Ewt = l/\zmw‘
(

Evot ) = Exa (£} + Epot (b 1 A mw?

2

QRO - QUANTUM HARMONI( | OWILLATOR

I

‘Ermgq [ VIX) = E'm(o“xi

. Pohon x

™ w

T ENTRGY  (ONSERYATION
\osuming N0 disupanve forces ).

Due to the e -pasle dvatly and Heenberg
OneIRNty. princtple - we do vt Anow ot
pouthonand momentum  with  well defined

valve. 39



Wo stat from te Sahomry shies Wa (0 \Q\‘gmﬁunch'om of ﬂ) with | well- defined eney.

En - M(n - 2%) \elgm\m\m of m with Nn=01.9,.. lquanwm number)

Evegy quanhizahion | Mawc, 1901)
i - EaV
In generl we can sty that the  pwnded quantun slakes LQMWDn Dong Toan gtom llon/molmje)

poen| gisoee valo of enevgy | energy quanh‘tah'on)

¢ ~
distrete - pectrumpamiltonian 8 | (fine o | conble ivfinite ser ok leigenyalues)

and e dedcribed by £inite-nown  wve fonions -

lw)* = f @(x)wkx\ (. ] 1V Tax = omnt (+ @)

Eg : nomliced  ware  fundhon.

J W |7 dx = |

Tiow fntte -nomn | (or nomalizable ) wave function are clements of Me funnon  space £

Lhich is an exomple of Hilbet ypate).

T e e of ubognoed  quantim | state | eq. fire-pamde <=> plane wove ) the Hamiltonian
hos onnuoss  spectrom  { von - Gountable infiintte  sec o e(genvo\ues\ and the eipenfoncions
ate ot finife-nom  fonchon. \But any (ase normalitable Only in  geevalizdl me).

The Hamiltnian  for o fiee - parvcle

"_“ - P_2 ('fero potennal Qn@fw\)
Im

Eignfindns of §= ana A are the same .

T KT LT
/\V(TL) T CQLKK = Qeﬁp"
Wlrgz) = CoRRXPARE Co hP T a e
40 /



!
The plone wave 1y eigenfonchion of
po= P o fr)
with  eigenvalves WX.Yq, p%) , ﬁovmmq 2 (ohhnoous et

- < p"PV‘FI < +m

Becaose A s fonchon R

RSN
¢

The  eigenvalbe of i fur the planewave eigenfluncion s -

(8

E = P _Prpfepe ——  to < E< o |ayoming all real valoes )
m om

= o Quonteahion for the free parbirle |

The plane. wave  tigenfunchon QR A Rorfiree parhide hay infinite. norm
<3

o KT - mw lem)*vel. by de |~ 5*‘” o T K

) dedy gt =

a =1
= the glane wave iy (omplerely  olelocalreed -
Py = | wigol = 1e®F] =

probabilty ~ density ﬁomh‘ow of - "local zing " T xyE) \measwmg e posihon  of the parh'de)
Completely delocalized  Siates e Tnfinit - nom  YIxy2)

(?&Iﬁ@”l’) Delocaliced  states < hinle —yopm WYixye) | normalizsple)

(onkagous - spectium H < Infinte-nom Be stabhonany states (ergmﬂumh'ons\
(fome mde(){ndmf) forming & conhmyous inffimte set

Dintyee- sfeyon f < Numalaale suhonary  states [orgenﬁunrh'ons\ Y
tume - indegengyent) forming @ disutte st fmke or infinite).

41



The flong amental Sate ok & ®HO is destibed bl’ ) fjaml@n wave | fonchon -

Vilx) = Ce 2T Where 20 is @ diratensne lemgth Of & guontim  tslator.
Mmw

_Mw 2
Yl - IWo\x) F-lcfe M o« 9amsmw olistyibuion__fior. the
propabifty| of  p0iNan  Yneawrement

- Yarionee in the (osion measurewment
2w

Theuniertaity 1 the  posihen  measurement s .
Ax = ox =][_h_
Imw

o= B U e (€ 47)
m ) 2] = =
adimelsional observablés | ( hevmilian | operatos )

The vnomeqrum - umcerfainty and bie psiion uncrkinly fr Y o

Apx + m_wﬁ AX = _l._
2 VQmw

R the fordamendl skt of GHO -

T qaowsion wave foncon 4% | is. & Miimum - oncerkigly  wave  fonchion

Tn quenal, for any W of any Quanbm  systen -

Ax: Apx 2 T HEIENBERG 5 UNLERTAITY | FRINCIPLE
9

For the  fundamental  state of the  Warmonic oscllavor, the product between the umieyRinties of
the  “wnoncially ovjogate " obervable gosion  x  and momentun P is eoual to the

4, Mn % precutied by unitainty - prinaple.



QUANTOM  HARHOMIC  OSULATOR | [ OHO)

Quantum state AV of - QHO ix idenhfied by A ray R the Hilbert space 4t

N e
Q#o

quantum  stale s |“f’ > lapart 2 nonzero. mulhilicakive omflex
alor ).

(N\W and |V> desaibe the same quamlum st We Know Flyw v) - |
We @n ooy & nomalieed ket | W) for describing the quantum state lanqwav there s
a phise ambigv(fy).
[ s - cwiws
||XW>“2= Sa@lar grodyet  between &W} ad V) = W’W>)+'NW>
I (R L IR L

- Iﬂz (Y[ y>
for example, if 1¥> i normoliced -
IV = <¥lyy = |

but ifl we have ) ¢t
TR LT

6 |%) s o nomalied Ker . then | glho e“lw 154 nomalieed ket

2

gy regresgitanin
The orthonoimol basis 4 %) n=0,|,9,...} of the Hiblet space off | Kets iy given by

the eigen Kefy | cigenvector ) of e hamilkonian operator \evmgy dostrable )
AV = Enlt)

The eigenvaloes Ea ane the posble vesults of energy measurement:



Time - clepenclent ‘1hr6t1m3r'5 equation  => !'\Vn> e the stalonary  quanfum sotes Roy

QHO | sles wilh vell defined  wergy Em ).

)
—

A qeneriC quantum state @n e expanded s

Wy = 57 A |
n=0
with s@lor oefficmts
g\n = <'\V I\V >
!
Ao = <Y[%>
>\| = Q'\VI‘P)
Qo vecar yeprernhing V>
Ao = ﬁ"‘r!"i’&
X 3 <AIKP!,WY>
p" .
Ay g A Hilbert Mace VH”)
g p)
K :
J p)
duality
/
ENERT] 0 A Dial et space (%6t
s bhra

"t DGR in fams of Mk algebra i the | hermihian onj U gated (. on)ugate

a0 il td oaplex_(on) ya

lomps

—

fraspui v - | excange befween 1wy au

fggh‘o

-_—

Mmho

onfinuon - geciom  hermihan - qerafor

The poiion  operato

)
- >

~ >

)

—

I qan fahon |discrelization in| the

_

shion_ medjorament

Th o\'gm\m 0e orrr a (ml{mum l\non-( unFable infinite  set




-Q < xYE < rw
lany a1 vale 15 @ posible result of e wesmenent of x.y.t) . Abo e eigenlels fum a (ontiwup

We o0 idenbfy the wgenfers of X with eigenvales x' @ the Dirac’s delra funthons, centere

n X :
6 lx-x) \ibvuwos - specoom > inflmle oo tigenlets )
9 +0 X:Xn
“6lx—x')| - I § [x-x') (5 (x-x)) dx
We Hnow that -

Jw 6 (x-x) - Fx) dx = Fix)

[§1c-x)l" = 60 — -
Geneolized  orthonormalieation wndivun | for egenkts of @nmvons - spetrom srvebis

Jﬂn Glx=x") 6 (x-x) dx = &(x-x"

-®

Sl-x) e N> < ks ket R X wih eigenolie

0 for x=x"
0 o x4 "
The wave function Yix) iy the wepreomtaiion o |W>  onsiderimg e egenkiets of e position

opeiator % av orbhononmalized  basis  (n the genenalieed sense )

The Kt WD i "exponded ' i foms of e bans Kets | |x>  with "coeffiaents ! -
Cx|¥> = Iw(s‘\g-x)-@dg = Wi
T P13) evalatd in ¥ =x
Bon's wle: e probabily dewsily fondion of meawring a pihon x s given by
B = | sx1vs ] - ) ] 6°(5-x) W) 43| - | o

2




For the hamonic osuillator andin- genpral for any - quantom - Mechianical | system with  boun ded
S, He bamlonan A s disaete spectivin \Q\ﬂugv quanh‘zah'ow>,
Ve @n eprepent ony. - quantum - siafe Jeatribed by a Kot |P> ay discere superposihion of the
basts  Kers

L %> it in - negyave  [nteger n-0,l,2,,._]
whith Qe orthonoymalieed  elements  of PR

Q1% > - En VY e - tnde gonden Sttvidinger ' euation)
ok 15 V> dewnbes the quontom state having well- defined velue of energy En | eigemobes
of ﬁ). 0 B is fime- incependeat then V) aw stafonary  tales

Orthonormalizaion — (ondition  for the  bais -
<wm \’\Vn > T 6mn

O
vy - 3 @I%> for any |9 (completeness of Hilbert space )
n=o
stalor_[tomplex toefuents of_the Supe pouition
PR

Example: . gemonstiate  this exgresvion. flor dn Uiy Divac's nokahon.

for the completeness o Hilbot space

|’\|)> s Z 2o W) ?m the lineanty of the. slor product in/the second form

WD)+ CaTE A - T D)

Snm_, Orthovormalizahon conolihion
3 Z ’)\n 6vnm )\ 6v1m 3
(m // rl o
b >\n' [ = An

For ' quhits we fiave Jur n =0, !

46 e siporposiion @n be wnlten a3 -



9 < T ) = T Y % = 3 < s - D)
" ! i idenhty ogerator

~

n;o | V> ¥a| = CLoSRE PRPERTY vl | 19>, 0 =00 .Y formingan

or thonornali ted ba:m)
The cloure property 15 velated o the ompletenesy apg othonormalieation  of {Wn>}
A il dnise of the basis § [} s gven by the egenkes ok 8 { energy observable)
(emvgy representah‘on)
Bik in genedl, we @n oo an ortionormal Dasis of the Hilbert sace desirhing the Quantumm

Sysiemformed by e Qujenicets | of any - hemihvan — ogerator \Lo dosewvables ).

Positon_representahion
In the posihon  representonion , e basis o Hibat spac 15 fomed by eigenstates ofi the

posifion _operator < |x omponent of pmih‘on)

Lonhnuobs -|3petyom-operator,

X by a non-coofable infindte set (2 oo ") of eigenvalus | - < x < o

@@ E @q\;} e(g@n\lelue 2(pahon Kor the Op!fdh))“ £
e \4

henmilian eigenkets
Opeaor

feal eigenvali | xesult o |gouifiom vneasvremenr)

(onhinoow>  ass -

{ Ix> with x ¢R } lany real valug x)

Generalieed — orthomormalizahion ondifion = 1R |x'> and x> ore two ergenkiets of X, Hen
O for x=x"

0 for g

(ontinuous | gxpamsion lquanh)m per poditonpronigle it onfnvouy (o)

|y -

<X Ix"> = 6 x-x") = 5

@lx> Ax for the ompleteness of Hilber spave and | the completeness | of | 4 x>} basis
“® T tonylex funduon of x 47



—
—_—

M = <x|¥D =WV woNe floncion i the position  representaion

T 7o fir the neanty of the scalor product i the Second element

4
_ x| MESY

fontion evaluated at the center of Dinac's 0l , ie § =x

for the Bom's wle the proabilily density  foncion of measoring 2 value ﬂig(mValUf) X for posthon s -
P = | <x]vy| = |ywl’
We on idenhfy

Vi) = <x|o)y = ).

il
=
=3
=

at  fhe mealring . En in e

-—=c

In e of energy  vepresentahon , the  Bom's rule

=4

oha,ih’ty

oh nihal ek N> s equal fo ouanfum state llagse | > dlue to the eney

~

eashremenit

6)n = Fl"y n) = MP!%

',ndve\'h/ betueen e et |9 | before  the meawroment and | the eigenlet ||

Tn fhe posihon vepresenfahon we can wite :
+m
O = | x> Kx]w )
e —~——"
wave finchion

The cbwre grogerty in onhivous Gue s+




The wave functions of the eigenKets of the fhon operator X 8 Dirac’s oeita centered
I the.eigenvglue.
Demorstiaion -+ Hyp.:  [x'>  eigufier of
x| x> = x'x'D
T Ml - 8 xx)
N +(D
W) = (1 [ [ | x><x )W > /i
- f e closure groperty

ﬁ)r any - Yer |9>. In porhiolor we fomsider

1Y) = |X > warefoncion Y (x) for the aigenker = e(qenfonchon of X
«Q

FOSE ] > x X)) g
-0

for the generalieed orirovovmalited  condion -

Yelx) = <xlx'> = 6(x-x!)

Wo o woite the (omplerenesspropety in-fenms of wave flncions a3 onhrubvy expansion in e
osinon. vepresentanon
Y(x) = ] V(3) 5(x-3) (3

-0
Property of Divac's delto .

Demonstyahpn |w) = j 3> <(3|¥> 43

x9S = } x|z >d§

Yl = | w19 §le3) d3

X opefator hermitan ) oerakor with multiglicanon of e
posihon tepresenlaon . < digenfonon - §(x-x*) and  <=> wave fonon Y(x)

eioavalue  x* by x. s



-

Bon's fle i psifion reqresentavon for Mmeasoling He  (osition M (e of QN elenfunco

of | Dosion -

—

)

> probibility - density fnchon of measorng 3 posihon

for posthon igenfuncan -

0 o x#x'

" Completely shaxp " Iocalizaton of the  parmidl

HOMENTOM | REPRESENTATION

omentp (\ X~ (00 em) 00eYafor Dx i . Conhnupus  specyom (perator @anopicall
(o0 jbgated fo osm‘on)
[Sx!fx> :{’u\!px»
i (g
[hemitan) eipatec of el
momentom |oan i) Hate| wit 10pnvalue

operdtoe | well-defureg mpwentuyp.

(onbouoos Dy of the Hilbert space pr> with any e € R )
Cplpt > = o peepe)

Cloyure: o pery -
ﬂp!Dx)(xl |

Expansionin Hpnk RigenKer Dayis -
Wy = 119 = [ o <ol aps

>

Wave fioncon in i mﬂm efresenfaton | scalor | product berwoen | a
tigmngiate op the | momentum| by e onideied | quantumYake AV ).
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It s possble fo demosivate -
Yl = L F i)
m =l Wx | Px
mh
e -Brogle rerahon -
Px = “Kx 3 h X
T
IRECT  DOHAIN FORIER o eu‘,vmal) DOMA
bme  t feqeny £ [Vhime)
pahal_ (oorglinate  x - wmfonertt of spehial frempenty ]
! ' 1 I ) i
! v
' ' T ' ' {2
Fol W
T 1§
fx = | = K{ K=“ ‘7“
A9 )
fouig_fanyfn
[t
FLvmy = | o M g
-
N *a -[_i ﬁx *n __‘1; X
Vi) =1 [ o WP g o Ly e R
M o fn’
foute Sonsform, if ueny
Yix) =1 foany wl ox g5 e Dirac's | delta.
L =] e ™ - 6l
-m
Fougiex | transfor Infegidlas 'ereralieel | frktion
extended +o! teigere "pnnu‘,al Yalue ! e M1m)
iSW
\
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The eigemtaies ofthe momentuyy doing tothe duffiachon and interfierence. experiments ) are
described by " plane -waves - wave fionchons
Ve (x) = o WX Ce‘% \ with anyomflex syt C +0
- (o \
> infite o, | fhe e ot || W)L 5 nigrble - || [y b - 1l :’w“ =

For e generalizd  orthomormalicaton of Wi bava 4 |p> ) we hawe  C = L - hT™®
Th
<p)x\“)x‘> = 6[pk"p)(l)
in_phsinon repeieniation | > ¥py
s | [*P ( <0 | Px . N
Demnstyahon: jI V0" (x) 0x - e W T Lo h g
T -© -® ﬁ } m
+ By pe s LR “)x
L g ! Elhx X | = 1-e Il
h le h o
FOmH hansfom Kemel with | £y = ! PRI h
LR REIFY S
: L h \ b/
h
_ b peepet) = 6peopr) 6/3) = |a] 5(3)
h l0\ A

Yo have venfied -

Pl pt> = 6= p)

Now we wonf to demonsate Waf the wave Ronchon = W () s [dpait & cuffh @t ) a

siilable  scaled | Youvie yamﬁtw of Ylx

/’\
~ . [+® ~ ]
Vipe) = K> = (e T = <y [x><x] dx | ¥
T w "
O] oWy des =L <pdxs <xw> de
(v " alar_product, brteen a_podihon Rigestaye
- Wi x> dx 4 te | onsitered sl ¥, > W(x)
-0
x> s the ciQuuflunchion  of P« W the oSiNon  vépresentaiion .




L Px Lo AW pyx
x> = M) = L™ o g
Th {h
~ ) -1 AW pex
Yipx) = L N e b e = 1 F{"V[x)
Th )g W

B opratr in posiNon  fepresentabion < =>

s
Lo b

fh

Devvatve of

}

- b
f h

henitian) gentor wib  elgefndions

and - egenvolues px

wave foncrions W) -

-(h o
(x
. LPL‘X : , LPi.x LBy
Dnomtgnon ~~~ -1h 4 |e ) - -Lh(L-E)- e Ml =i
dx K
ABSTRACT POSTTION MOMENTOH
HILBERT  SPACE fEPReSENTATION REPRE SENTATION
qatin see |V Vi) = x| Plo) = <px|v>
osihon-dependent wave  fonchion Mmoentum -gependent wove Ranchon
F X
Eigenslare f X . egenfunchon S[x-x) = <x|x) > Lo W
|x*) h
- 06 oiH, F o]
1N late Px 20 B —— x={x
Adion oft . X X ¥Ix) 19 ()
x| dp
Al Of\ RE - (h 0 M X ’{Fl x)
YL ix Ak >3



CTATION VAL of on observable A

(g1

final ouantum state € (eigenstate of

>

[nitial quantum state

[ measuremeit vesolt O | conesponcling

xeq| eigenyalue )

quantum | proj (tive ) random and irveyersible
megsurement of an <= oliapse | or projechon) of
observable e udntun state M an

A}

dgensiate o A with probatility

given J
J

-
——
=
=3

(2)
—
=
7]
—1
=

B -rFlyve <Pl >|*

=
N—
|

FIDELITY| berwgen | “initiol % qea |* flinal * |states

~—|

(f:qu vod. wioOllus | oft stalay  progduct  between | normalicey | veckory

(peabion valve of on obevvable = stahshial mean of the results  of measgremen

0hservable. A < > yanclom  variapl ot (an asume the yalues 0w  with

pobabiliies . & vespectlive

-

hstical o "ensemble” ) mean -

(A) = (KA>
| Quantum_expression 10 te Dixac's| notation
vandom variahle
Bl =2
n
We. G wite .
Ay = T b = T on <@y asoming normalized fets 15> and | )




sate W

expeckation vale  <A> depends on the inikt

n_ write also :

(ASy = SYIA YY) " opecsfor | A | agplied o the [inifial | et |1
YYD
novmalieed | Ket |V .
CAdy = (VAW
ERCISE :  (lemonstate the (revions expression ’meJ info_aciount the  stahishial  clefiininon
R e expectanion  valve
omon . We expand [V in the orthonormal | basis § |@n Y, with r=o,|2....5

formed by e eigentiets ofi e hermitian oferator A

(denfity |operator ) osbre _ propert
the Vet i;?\]te

Ao |Pa> is the m-th omplex (salor) cotfficent of e expansion { sclar projecon

of the Wbrmalieed | > %nthe normaliced  bisis elgenker  [@n )
i

We wrile also e expomsion of e b <Y
- + L eLgen piq of A
<AL= 9 = [T mlomd | = T’ en) = S an | )
%A |(Pm> f’ %:Wm)rAmT = %I <¥m )v* = : )\m* “Om!
Am = <(Pm|w}>
An® = <P WY = <Y end
<’W| -/ <4an>‘( nP e [clospre |proger
m l\\ !
/2 \
< = N Hj/) s~ identity |operatoy| in |the| bra 3pace
55




1]+ . lidenhty operator! i the Hilpert spacel H of | Ke

S0 achng on_Kes Bom et ~side )

ik lualidenity | operator in | cial | Hiert spac " of bres

) ad'ng o pias ﬁrm n'ghk—s[d \

The idennty | opeator 4 [has the awe formal expression lin Divac's nofakion

in Doth "ot " A and | “doal !t 4%

> = 31> ctnl

CIT =g <l <y bt 7= 1
This_hagpens | forall_and only the | hexmiian | operators |
The hermitian, opevators ave e | linear | self - adjoint  operators .

A=A adjoint opeator - A = A7)

Also te duality operation |is | expressed by He ymbol

-
—
~3

¢ we only consider the weator Al¢> | then the dual operator i

+
T+
+

f—.

final bra opblajned| ap lying R b a0 initia) bra
For| hexmiian operdtors -
A~ R
Rroexamle: 1= 2 @) <%
A n
Ty =2 6)KPn] > I\ +
T )
I = 2 Gl <on] <
7’: €0 <y | ))] = ‘x‘Pnll'\>" Py = Zn Pn] > <o |




60 L—T |

CAYy = KMITAIY Y = 5 <10y <G (A (3T |90 <Ou| W )) =
N n \{QjL |
= 3 V[P (P (MWD\(@H\P > lincar hermihan | ogerator
m Vl/i
But . —
N — A
Al ) = onlend wal] eigervlue pf A
<Adw = )] Y |0 D< P (ET@W’D(%IW
m y_/J
- YN en (D § (@ |00 Y <00 | ¥
m n__
for the lineanty of fhe sealgr product in the secongl element
= 22 AW fm > an {Pn 00> {00 | WY
il T —> fir the ortonormairation of he eigenket

= %'%: on <Y (P> Gun <G| W)

where Smn is the | Koneder's  Delia :

[ for m=n
San = ]
0 forme#n
To onclude
CAY Y = om AV|0n) (P |W Y = 3 gu <PV <On ¥
m=n m
= m | <P |9 *
m
e Om 6),
We @n Oefine the imrertainty A of an obervable A & the Stondard  oeviahon [l‘.e the squaye
yoot of the V¢ iame) of the vesolts of fhe measorement of A
observable A ) < > (hermitian operator A ) < > ravdom voriaple A

If we consider the vandom variable A

wine of A = £ ( A-iE(A)




o @y

3!

syl

0N Qoa

to

Yar

(A

\E

KA

For fhe i

| oxjectarion valoe

et

var

A2

N

<A

{A

) <

(A

Stondad

1At

0R

anty

abje

—_—
Se

{ A

Y|

=
~
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ExeRUSE - Dewonstrale  that i (¥ is an elgn¥er  [Pm> of an observable A, then we
Nave a quantum siate well- defined vale of A characteriredl by -

 fhe probabilily of having a5 3 vewlt of measirerment of A an eigenvalve

On 19
| for m-n
(o - Sm =
0 for m+n
0 <Aden = 0w
® OLA=0O (7o ncertainty)

SOWToN: I this particular case of initial sfate gven by an eigenstate @m  ofi the operator

A the vandom variable A of | the weawrement yesults Decome the dererministic

quanttly (O l(bwespondmg eigunalie | of 7\)

0 o= Fl@n @) = <onl®@>]" = [6ml| = Gm
for ortho ormalinion off the eigenkets of the hermitian operator A
@ <Aden = (GnlAl6n>
bot | @> s an eignker - <A [%> = | @n>

<A>(€m ul <@leml(Pm>

“——"" for_the_lincarity of the| scalar product in fhe 2" term

= K Gl @G> = Om

= Qlm

B (A en = var[A) = < (A-<AS)"S = <G| (A-KenlAlen)) [@n
But -

(AR)gn = <@ lA7] @S - <l Rl G0

N2 A ~ /—\ A
Rl = ALA%) = R aml®>) - anAl6> - tn-tmlad 59



= Om* l ()
General property forobservables A and B -
B - £IA) N
. = Bl@m> = flom | >
/\‘(Pm> = QW]Iq)m)
3 We Obrain -

(AA)‘@m = CBnlam | @) -on® = am <Gl -oam* = 0

EXPECTATION VALUE IN POSITION | REPRESEATATION

Observable A with Qiscrete  spectrom [dlsuete *t of eigenkets | @ > ang eLgenvalves. Qn, with n=0,1,2,. )
Te. provabinty of measoring Qn 5 -
P e z
= F ('\V,‘Pn) = \ <%|W>‘ = \ ”J_w ©n (x.q.‘e)’\V(X.q,?) Ox dy di"
because. in the gosinon | vepreseniofion the quantum states  ave destribeg by wave ﬁ)mh'ons Vi)
e expectation valve becomes -

+ 00

CASy = Y[AINY = ﬂ[ ‘P*(x.u.ﬂA/g\‘\l/(x.q.?)dxdudz

We ®nsider ow the s of Onkwous - Spedrom position DpEratLr -

A

1= (%4.7)
having expectafion valyes of Hhe (orresian | omponents :

(XD = j” V7 (x43) KV (xya) dx dy g

‘ }U Y loge) x Vo) deoy de

- /ﬂ_: x@dx dy de

Flay e probability. density fondion
T // y |V (xy.%) ‘ dx dy de

60 (&> -/j W[x.qz dx dy oz



H&M

—

x>, €y> <2y @An be R 4 the oyerae  Gordivates of @ 3-D  Connuovs Yandlom

with probabilify density fenction -

Plowe) = | Yixe

y>, <Z> (an be abo |ven as Hhe toordinates of [tel center of mas | of a

(X4 0) = |VYixgz) ’
In gpantum vnechayics
Cixye = | <o, e > |* - Y(x.4ye) :
(Bom's vole )

|
4, position €igenjake Naying ml-aﬁj'nmﬁzomu'w vl [ .l

5 e probability denxity  funcion of the position off the parkde .

(Qx.q,'et/q)> T II/I (Pvnx[ ,’!} ;)Wl f(,];\ 0% dl iz
Birthe position etgenfonctionis
Gy liff t) =8| 5-x4-y.5- )
[+ x
B |V ) UIJ_ 87 (5x -y 5-2) V(39.5) d5 opds - Wieyt)

EXPECTATION VALUE IN MOMENTUM | REPRESENTATION

The quantum stafe s destibeg by the " reciprocal — domamn " [ Fouvier - Gomain)  wave Runcho

V[ o gy pe) = L F A% xye))
R bos B p- e f- P
h h b
fff-e -oni(fox By - feoe)
IR i dy 4
}3

—
—
—
+

=]
=

X+ gyl 4 e E)

C 1l Wiwe) e by g
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The probability of wmeasoring  On for the obervable A @n e Gplwlated s
@n = I (%]’W))l = 1 H[-m &nl[)x.[)y,[)}) -ﬁ[px,pv,pz) dpx dpy 0[)5
The._expectahion yalve becomes

CA>e = <YIAIYY < JJ}Q “iﬂ’u(px,y.,,pz)-f\ Y (Je.py, pe) s dpy dpe

2

In the @vw of obsewable P -

<W>‘M?¢@WWWWW =ﬂjwMWMwMWww%

Exevase: 0 (lwhle te ondiion s that a 1=)  Qovwiap wave foncton i3 the  fundameyfal

lor gromd ) sakionawy stofe of the 1D quantum harmowic oillator

o (alwlate the expectation valves and the vncertainties  of Polhion and - momentum

1 Yx)
SOLUTION = In position yepyesentafion -

Y(x) = coo”

A A
H-= P o gt
m 92

z_L(-mg»1+1mwu= R
Im ix 9 om dx> 2

We want
A% = %
e an aswme ¢ =1 for finding Vo). We tan ololate

d—z @‘sz=i ie-uxz) = d_(‘QQxQ'“xi) = =20 d_(xe'axz)
x’ dx \ dx 4 ix
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hevie -
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Rust: 0 (lwhte te (ondion 0 that 2 1-D Qauwian wave functon is the  findamental
Or | Qvund ) sholiomry state of e 1-D quantum  havmonic oscillator.
.| thel minimuyn - perfy m‘gmM{n‘n Y of A)
O (lwiate fhe expedqtion valves ang the vncertainkies of Position ang momentu
TION - |
W bave fwnd  Hat the ground state |¥> of the [-D QHO. is-
nmw x
Y, = ce
H %> = Eol%D> with Eo = 1 W Q0 - point norgt{\,

L 10 quantum, ghysics, ven ak [T = O | the |pavliclel Nas |an| uperiainty |in| both

momenkom_ang posthion | adcor glin to the | Helisenbery 3 vpcertaity prinuple

Evin ot |ahsolute e temperature (el parhile |is [nof qk mt)_

—_—_—

o @n then Glwhte <x> and Ax i the stte %D Expenton value of
fusinioy,
Oow = SR = ] N Yeld dx =
N -® \in_| posion._feprésentanion )
+00
= | W (x) * dx
-
= (@lXD X
- |0l probabikity deaby fmchon of measuring | x
] MW x? 4
R = [l | = |c* e d I's 3 gausign POE
From fhe  probabinty theory , the Mormalized  gavasian is -
X* + Q) + 0
Boix) = ' o2 ) e = 16 e x| =]
_/"' R - )

'J N .
standard deviahion

We Know that in this @se the mean wx s wero  and the stancard  clev/ahion

=
>
"

O




e = LM — C = (M)V(‘- ¢S i any posaible 8
T Ox mh T (eg. 3-=0)
v
x> = Px =0
(Ax)% =

o = fl
2w
Tn flact, acording to the clefimihon, we have
XD % = [ x Gx(x) dx =0

o T } the loduct is| an odd furdhon of x , so. ifi we inteprate
odd funchvon of 0 o0ld Runchionover| 3 symmelric interval we ootain 0

(A% = <lx- <o) D = xDh - <%

(i

O h = <R %>

] %10 Xt Yk dx f x* [0 | dx

Lo ")

+ 0
j X* (o dx = &x*

-®

Ve calwlate now  <px> . and | (Ap. In | posinon ddreprespntah'on;

NSRRI T :l % (-ib) %) dx = 0 ({’o\r 3qmme’rxq)
—® _pven dx

[M obtained , as (for the expercahon  value of the posihon, thel We | vesul as @n i be
Oedicied by the clsidl vision of the (qudntum) davmonic ssalafor ab fhe eio-eNergy ot
Wnat differenciate fhe two visogs is e uneeinty on positon ong Momentom 0f e pmn'clc).
lapx)s = < Upe-<pr) D = <pow = <%
- ] RN i) 8 Bl o =
o dx

Tt s wove omvemet o ue the  wmomentumy  vepresenfation . " Reciprotal * wave flunchon 65



66

Lo nonilly - wwjugated  wave ﬁumhon)

'\,po\PX) -1 F{'\VO\X

oy J Wix) -e wnfx dx

/ Yo lx) Q dx

'ﬁl

Bub the Founer tamform of @ gawsian foncion is ol @ gavssian fonchon wilh

Yeufol reloon between the widfhs

2 —Ezfxz
Fle-o7} _[r o0 with o = MW
0 2h
~ -n’l?}.z.ﬂ _b

d D'QQ“”“*‘

The probabmw dematty  fonchon of meawrmg  value e for the momentum is:
@o\px il - ) ew 202

qaustian fonchion with e Ju. =0 ang varionee o = fmw

2
<p’(>% 3 }ll’x =0
|20 4 = o = ’Km_w
2
[ \'\PO(X)\Z I i,\i"%[pxnz

T F T

j[ l\lf% \M Jrorasing Op [ X
AN

Al - ‘/%
i) - @

for the Heisenbeg's oicertainly— principle this s e mnimum  possible valoe  for the - product

— | (Adw{Ap)w - R
2|




oen uncertintits Of posion and vimentum

/\()%(‘/\Px)% > T

e aussion  wave  funchion iven by fhe  ground -stare

()
=
<

-

<

Junchon olﬁ the Q.H.O

destibes @ mininum  Unc me Quantum_ state

%> s o " minnom iRty stre

|¥a > with w= 1,93, ae T ! minimm uncedainty stote

Yo (x) are soible  Dermite - gausian  flondhe \ i 0 #0)

N—

(OHERENT STATES [of Q.M

E | VO) & hamonic poertial ener

S

Nomber OF velahye mpximRis |+l

BRIV, - Bl n)

/(

|KHl”7' 2 -I L 3“0) \‘n

"
N

)

[iw N R g (-0 2

f
\

A

\'rlasssr l regmn\{m > classical| Tormivg poinfs andu)K fhe | posinon | interval)

N——

u\uaﬂum tunn ln‘nHﬂumenn ("imiar 10 fhe | “evanescent wave " n dassical | physics

Aofential Bang
\ / /
N\
!Wol)(]r /' :
X! N ol enegy | orstant o mofion)
NI ™S
Clasioltomigpints | ¥inehic_enigy =0 = velbaty =0 = inversion_of otion )

(@)
="
~

The (oherent stotes  are ¥ior - stahonary  srates | |not

~——

istate of H flor the Q.H.0. showin

minimum - produgt Qﬁ Unertainfies  in fosion  anol Momentum ( minimum. (ertainty  ofates

—
=

e Q.H.0

(& =)




NIBER. STA

- 2 " N T . A
| x> 2. = (l”n_/ l(ﬂﬁa of WP elgenvayes {n ?'_)T]
Yoth aug oglex numbe s = | x] o'
In posihon  repyesentation
[al* .
Yulxl = e 2 T & (o [x) .
ST [T B ermjte - gaussianeigenfunchons |of |H
Te coierent  sfafe wath & =0 iy just the Qond ¥
0> = |n=0>
L | | |
Ohevent state | Wilolx) = Yollx) > Qround -state —@igen fon (hip
with X=

68




(ofisider an inihal  1=D  qgaussian wave facket L& minimom=uncevtainty  wave ﬁon(h'm) with
exgeciation. values .

<x> = X al ’(:0

SPx2 = Do = Mo at . £=0
Thi  wale ket @n be seen as fhe quantum version off @ daSi@l body with inihal - gosinon
Xo and bl velouty Lin fhe quantom e ve Mave untertambies i posihon and momenivm).
In QRrerl ths  Qdusion wave packet iy pot & Shhowayy ytate, o tere will he an evoluhon 0f
thiv state in time . oK = =B

_ ()(-)(0)2 f 9 h

Y\x.t=0) =VY(x) = ¢ ¢ s o ¥

| Exertisel yrify At | <pxS 4 <WIFYD |- pD)

We have (AX)n‘(APx)o - T for the Heienberg's principle.
o the e of (1-D) QHO.  Hi Qaussan wave (adiet  evolves i time ay 3 ' oherent Sates "
|4> provided  that (Ax)o = [ B
Imw
Horeover if | Xe=0  and fo = O then the coherent skafe iy the ground sae las =10)
|l

s - +o; ?'D(@
= ['%>

This stote is not an elgen state Op ﬁ of e QM.O., Dt i[5 9 0perpo sifipn of . elfenstoles

of i = e oher st 5wt a stanonary state  => file  evolohun

i tfl A e
¥ xt) =Yl»<.0) e Y e’ Ze? X (W)

time levalytion. opefator " Int eigenfngtions of A
linear unitany_operator \ernite- qaussian fonchs )

: Z )\n /\Vn [X)

= T e " M)

Bit Vhix) are egenfonchions o B with ¢igenvalugs - 69



En = fwln-
|\ 9,
Lt LEq
and even eigen forchons  of e " ith eigervalues ¢
Lt /IEE
e T Mk =@r "%
b comglex_umber Wit modulus 1 {pire_phase] Smfr
= fhe time evolfion of an ¢ige %ﬂ)m’n of H o jura phase shift  => the quankmy  state,
in tis @i does ot chnge [ STATIONARY STATE )
for the woherent  state -
L En
Vit = 2 b A (x)
n
It i5 possible fo - demonsirare | ok
[x-ped0)] *
Wik | = fel? g 200K With  <x> = uxl) = |n]- |2 - (0s (wt - 6)
: Mw
Wl K =|x|e drmonic,0s(liafion ofi the | enter |posinon| of ave | fadet | flollowing
the somebehavimr of the Qosthion of 4 body | Hhe | dasiical
Mroni¢_ 03llafor.
n- general for any ' guanfum  methanicl systen | -
k2 =M d <x»
dt
extensnfo quantum mechawis of He (lassi@l definihion . Px = mux = mx )
<px > = -xHOmuh “sinfwt - §)
Energy -0 Vix)
—" T le
AL AT <ES| fir a oherent stale
T\ /!
L\ Al
! \\ // . X
Xo = Uassicl_tuming point = po =0
his gn\SETyl wave gadket osullates Dadc and forth  betweey the (lasvical furning points  with <x> < e
70 ﬁ)llﬁmm% i%e Mf vley b chassidl mehanio ; the unomeh'e CNpx | ewnai on<ta,n‘r-.




VAL fov any £>0
Inw
Age = [ Tmw forlany t20
Vg
— |0 spreading for e coberent states ofi the. Q.H.0
We | (nsider now the (I-D ’VWMT—[MMM Wave pacfet in fiee- spaces (L. fo_florces
e gartide = Vi - 0 ), with any ol uncertamty (Ao
We have -
Px> = M LUx> = M (X
t
with fhe inghal wnditpns -
XD = Xp b t=0
{
{pe> = p ot £-10
and 4 <> =D > onstant of mihon ( like in dovica pm’s)
¥
L
> <> =po froay £20
Y |* (oup veloedty = Pe
m
at_t=o b E=F 20
/ ’\\
width ~{x)s / N\ spreating[Ax)E > (Ax)s
// ' \\ :
n.// \\_— // \\ . X
o = llx|t=0) Il (E)
0 <x> = L <pe> =P
gt ] M| This |is |a Geneyal ule |valid for puy| quantm yedianial sister
{X> = X * Po_t- lx“'=X+P_°'t
" m
e center of He wave packee mows at nsrant veloaty o futes = inesial | monon |
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But there i3 | fhe spreaing R thel wave parket | due fo. the Herseabery' s pn’nu‘ple).
In (lasical mechanics , if fere is @ "spreading C A= D of e velocity for o wave packer . then
he “speading® A after a time t i

Ax = Ayt = Bpx ot
m

In qoankom  mechanics, we an  consider the square of Wiy Ax &b an additional ferm - expressing
be ioease of e vaviane  (ie. fhe sopare of the un(ertamw) of fhe ponton for fhe wave packet -

o) - (807 = (Ax)e + (D0
m?—

We ave considerig the initia) Oncerrainty for momenton \Apx)o  Deawe for a fiee parde the
momentum | is a constant of motioh in  both classical and. opantom  wecianics.
A physical quantity s & “eonstant of mofion * for . dasial - mechami@l  system i its value s

onsiant  \ie it does mot dange in e time )

Example . the energy of a methanical system  Subjet 1o a conservative Lor non-drss.'pahve\

and hme- independent fidd of forees [ Mt k5 i @se of existenie of a  Hie-

degendent  potential eneryy | js a wniont of morion.

Examyle . both momentum ang - angular momentum  of a metiam@!l Syslem ot supject 1o any

e (i poledtigl —entigy — equal o zero) a0 skt o makon (el matian).

In Quantom wenanics | an obsenable, is. & “constant of weteon ' (f e pbability distbobion of  the
Midom  vesots of wesoement  dots Vot Cronge g fime  evolution ofi ang inibial - quantom Sate.
Hence . the expeciolion value ang ulcerfainty  of 4 Comfant of wmotion dve time - indepencient

for any quantum sfate.



Also in ouantom  physics, the momenttw 15 d onstant of moton for a free parhie -
Pz Cped = o
O-i)x = Ap)‘ = (Apx)o

for any time ewal 0¢ t ¢ £ [in absewe of quantoy measbiements i fime infenal )

5ummammg.- D Gawign wave gacker | for goantom hamonic oscillakor

A Qausion wave packet with inifial uncertainties -

[ Ax)o - \/%
| Aps - @

1ewainsa - minimm- oncefamty wave gacket, with (onsiant uncerfainties -

- Ji

Inw
Mx = _[Tnw
{ 2

= A (M) = &
2

it t=0

for any £ 20

The (ovsponding Quartbm Sake is 3 “cohgrent Mate " showing 3 time evolution
O the expectotion valves off position and  momentum  dCoraing o the same

laws Of  classidl hygicy [tar s hamoonic otion)

@ Free pathde

Te. fiee particle s another  example. of Quantuim  meciani(@) Sysiem showing
3 time evolution of expection values of fosiion  and  momentum aording
fo the osil closiel wles [ s @ giving an iertl wotion, that

is e momentum i oNstant of motion )
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<Px> = Po

(XD = Xo + &\'
m

Tor any intenal of fme 0 ¢t < F (i ahvme of meswrements i Hhe
inerval )
Being the momenfum a onsfant ok mofion , the uncertainly of the momentum
dogs ot Chromge i Hme
A = (Ao fr 0etbe
L€ @n be wen o3 fhe instant of time  of e fivst measorement afffer the
Initial | preparation oft the quantm tate & %=O\_
Tn e OF an inifial minnow - Uncerraity  gausian wave | jacket (& £-0)-
\Ax)o lAMo = %

The wave (acker  yemalns Qoup@n in the Fime quobfin , bt with incegsing
unerrainty in- posihion -

g hene 0 Mol A minimum - oneykinty wave padet fo t> 0

W have that x and fxare @vomally - ovjugald - meddnicl  guanhilies 150 inguantum me(hamts\ :

[x]-[ps) = Latron] —  moKgMs = ks -

L] [E) = [acomn] — 57 -

In quantom  physics -

(Ax)' \Apx) 2

equivalent

A (AE) > TrNE - ENERGY UNCERTAINTY | PRINGIPLE

74




ot eﬁw fo demonshate this. princigle  becane in  Duantu mﬂh&mu fime s nor an oerato obsewaﬂle],

<

@ infuibvely  aeive v panaple from e Helsenberg's vmertamty  principle:

[f ot o quen® —>insfant Gftme_onespnging e assage [of e peak
R the |gaukian wave | gacket | in | ¥
t
f 7
_/ \_ k

[a(K’c of width A , Moving ot gop veloaty oy = Po/m. Bt 4o = Bx/pc S0 the phrerhainty s

1 / J Y /
= AX = A)(o . m

) o
eflergy uncerfainy lin free 5 @) s -




QUANT)H
SSTeM Hilbert spaee 4t of Kets o desrbe fhis  system

It is ossible fo define a discrtte orthoviormal | Dasis  of 4
{ %Y . with n-019 . )
for example we (n wnsicler Hhe strionary stofes  given by the eigenkets of Ak we an

(o the elenkets ofi - any obwnable.

\We | consider gn . oerator A in + , that | is acng on et -
(W = [yl )
“image ", or " tiansformeg vector " of V1> by agplying A

[Y'> = Ay (conmon formalisey)

LINEAR  QPERATOR

It is choncterieed by the lineavity property
AlZnl@d = ZonA 6

Al opevators red in | quaum medhaniss are. lineor operdlurs |

If we onsider the expansion of any Ket |¥> in fems of the basis [lewy) . the
V> = 2 @
ALY = ZaAlad

T hve g complefe  Knowdedge  of A when I Kiow {AI‘PO, with n=o,|,2,...]]

~ ~ ~ l
Ale> ALeY o A[@D ... et of Kets whith are the images of the
| I I basis_Kets
F«eol/woi KA NS
md [ <OA] %Y QA0 CQ|A| 90
] (ulA ] @) (ulA |0 (GulA |0
7 : : :

om0 oo | oo n



I we merge Al the ums .

the | fint index | is/thel raw -incie

wm = S GlAlQy - e | seond [ndex n i the colmn-ifdes

eMresentation

leor_opergtor o Matrix| with woefients
the duooen bays ~ Amn =  GalA 1)
{I@n)} lumn
matrx DxD (matrix D
rinsane :
" repIeyentation ‘ ‘
!,\P“> = A |"P'> N > )\m "< 'nllq'“> = - Amn=< )ml\\@)'“ 'l )\v "<(P
)
_
> ustal matix molipligho |ra by | colomn mukighicanion )
D-I
)‘}n-n;)Amn Dy the dimension of 4t )
Regresentation  of the salor product -
representation o ‘
A2 a ! [ - An| = alar ((omplex nowber)

(matelx 130} matrix D<1) 4 {matux 1)

Wi

A= <G vh

> LYY =2 e

Example - dlemonstiate the previovy  yelation

CY Yy = (YA

DR U AT TEH D W AR AL




= 27 ) O (§ G ) S fu o ctonarmalty o basis )
= 22 w7 "
- )
"
The  SQuaYed norm s :
YIT = <¥l9) = AT = Xl
DUAL | OPERATOR
Wo Start with a near  operavor o th bat  space )(, har 15 an operator qcing on  Kefs
Pom_ lefit
vy - Rl R et (R eh)T - 19T A
CAERCHY b
A < AT
The ual openotor oferates on the el wpace %" ot ads on bas  from yignr
<y |- g AT = Ml (W e e
orthonormal is :
{<%%mL=bgl.2..‘; | v D x 1) |iatia | x ) (matviy_Dp)
HIME h' W] Am Wit | Am - Am”
i mﬂam that the doal opadtor 1 yepresente A s re esented Dy 3 marix which 1y the  heminan
a0jogate th fhe matrix repewnng A
The " t" qperglion, infoavix oferativms, is. e hermitian  conjugation {or conjugale hanspsion )
| dager]
78




E xErasE - pnstyate that

representation

VIl WL < Mo || Am M
M= O [V
PPREER A L% R

D0LUTION - We have h demonstiate That

>\lm“ N 3-! Amn ')\n‘

xgansion ot the Ket 1o thel superpysiion (of the b

|G X Gy |y =127 Ml [ @D

- A (E )@
for the lineanty of Hhe salar prdot~—""—""—""""ar the lineasty of A
=2 M Gl A Q> mati oeficets. Am
0=
=2 A Am o <[ A M
n n
DUAL | DPERATOR  PROPERTIES .
Wl? have skated J(.hm. |ﬁ A IS QDMEYI ed l'l Alm Hljn AT‘ ANNXU IS Yeorewente
A
Wt A = Am.
The dlagge "+") onon mafrices i3 joat the Nenpition | on)ugao
Q@wﬂg\- We Know ihgipemtm_m om |1eftt | on Kets he 7\T peralor s ?ro right on_blas
’l‘ 0 EM ”, ‘ l_'_u ’_&T:T.
Ny = AV € ’ (V| - <Y'A
él'
VY = YA e YY) = (AT




for - ompler mombers. (e swlos) : T = %' Tnged -
N"[W)Y = ([T

0 we n wuate the seond | sides of  fhe two velabion and then wite -
VAT = Ky R )
CHBIAT| @ = (RulA @)

———————

1’

Aun L Am |V

ADJ0INT| OPERATOR

A (duf) A (ody
A dl!

AT
The symbol A" s used for both the clual operator oo e agjoint operator A

This ambiguty @n be solved onsidering e ction of e two opgators in - different Hilbert spaces.
Al-> s a lieor opoator in ¥ [atng o Kets from lefi)
LA™Y © CIRT s te oo in | 4% Laing o bias fiom right )

ROy = AT & e adjoine_oerator i 4% [actng on fekv from left)
Both  operators ave | represented by fe  same matrix .
[ Am' ] wih A = Aw”

bt achng in differents ways . e Know Hat the vepresentarion of the acon of A s the folowing

arvix molkiplication fom left -

L
e

The matrix A" regresenting e dual ojerator  mulkiplies the bra from  vight

80



B

-.—
The matvix A represenhng the  adjomt operator  muliiphes the et from Ieft.

Example - 0 (< ¥ Almﬂ)WU
VAT - T 2
SN YRy
Teprestit ation
| ;

[

The matrix praduct i3 assouae  ——— 1o smdigorly |

The dogger opoaiin "+ ) 15 auhi- uskwibulve
+
(AB) = 8" A"

s fundamental  property @0 be demonstiated by osing the Matrix  representation | and then is alid in
genenl ). The dagger ' in maiix algebro is the heitan  onjogarion - { (onjogate tronsposition).
Another property of Cagger " i

(W) - A (1= 1)

E XEROSE - <'\V'|A+IW"> - ((’\V'I/A\+IW">+)+ - K |W“>+ lf\f)T <“V'[T) 1
ALY
CYATY Y

U

NORMAL OPERATORS

Linear operafors in 4t
Nomal opecators in 4t
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N

A s a nomel ogenfor  when A s 4 Jiner operator  ommobing it its adjoint -
A at
A-A

AR
We onsider Two linear oferators RB 4.
Aelvy = A|BIv>)

BAY> = B-(R]W)

The linear. ogeotor A8 is tepresnted ty e mairix product

The product  betveen operators (wfices ) 1S Mot commukative , 0 in genenal
AR R
I A = B A Cthen AB are omoting - operdfors | . they ommire).

Tondamental theorems fir normal_opetators

n

\R)

tgeovectors o A

i

A
A hay A sefial decmponton i an orHionommal basis -

IIB\ = n%_?,o 0«\@ (:) ; On(l(@nW@nl)

A
T = @46 ] s an orthogonelprojeckor on e Mormalized Ker | 6>

R this ondifion I lerified  then oOw axe the  eigemvalves of A amd %> o the (Orispond (ng

Rigen Kets )

T "spechom " of an operator is the ser of s eigenvalues.

&
A is d normal oferalor n At &> it exists an othonormsl  bavs of 4 formed by



onstation of (&) : We inboduced the

—~—

operty ofi He orthonogonal projector on | @

TTr 3 !%)(‘Pﬂ! z
i3
iz
A . _
Ty yo= Ny PigevediDr mﬂmggnmml — _
Wuu=0=0E1_‘lilll'lﬂy
MT=0 0T —" """
~ Orfn |Gn>  when

Hp, A= onTh = 2o |GG

Wt “‘(’M\ an orthonormol | DASs.

>
=
]

NI ALNIE )} lq>n>6nm - 0w %

>=>

D e Five demoistites t s eigenvaloe of A with eigenkets | G

Y
>3
=
=
o

thonomnal  bagis  formed by etenkiets 4 | Pm Vv

onstation of (%) Hyp: A = o |64 @]
We (an we that iR A s normal . then. also /'\\ is nomal - with s
pigenliets and omplex  Onjupated  ergenvalues
AT -2 il
+ J for lineanty 04 the dger| operarion
‘Z\‘O.ml V\»\(Pml \
" + + fl foranki-d ltriitivel property |of Gagger
=20 <Gl @D ow
=20 | QD> <O On
7]
=2 om" |G <G
<5 o' T linded T = Tl
m
wowe a0 @lwlate the prodoct




AA 3 Qn!@ﬂ)‘x%!'Z&nf_{%)(@m‘

=20 ] G 3 o <ol O < Pu
Onm

~ 2 ||

>
o

S e operator A

=24

flormal operator  with eigenker

geiales | nl

But also
R~K=“u'nn-ln =Fnln!“"'n
W he AA = RCA
/ ] N\\
AT
/ (slﬁaﬂ;mnll » ~ Daitary. oppatod™N\_ Normal qperators
/ beymition —"" AN ~ \
ity |/ / A \
[ 0" 1
A = A 7~ Pl S (/
\ =047-1)/
\ 4 S/
\\ N\ /| N - //
\\ ‘//




Wo want o yepresent q voymal operator in ferms of  matnx representation -

At TR e niatOn : |
AA = Ah y > normal . matix ¢ | Amn s |- Awn o | =

ina gien othoyoryal
- [ Amm } [ A }

basis
A ool opest A i3 veproenied by @ iagnal matris iy te orthopormal basis fomed by

ifs - eigenvectors

0o 0 0

: 0 w0 - A

< A |00 With 0o, 0, Qq, ... given by te eigeniabes of A
: ] on O

The matvix otffidenrs | ofi o diagonal  matrix gre :

On | for m=p
Amn = Qndmn -
0 fir m#n

Amn = < @ [A @D Wwheve % K ,n=o.|.2,...l i the orthonormal  basis | formed
by agerets

Al = o | &>
v for e ety of the Salor prodict

TN
Am = <@m\&n\cpvn> = O <(pm|(()n> = On Gm

COHMQTATION (OPERATOR

In geneedl

A A AR A

A-B # B-A

Tt is usefol to. define the - mmuanng _operator [ or " (ommutator ')
A8] - AB 64

o lner operstors A, B (omaste if and only if [ﬁ,é] =0 -
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AN T a <—(ﬁ7) P
Theorem - two normal operatirs. ALB are @immuhing  operators | e [A8] =0) ik ang

monlq i A.B e linear Oprators and it exists an orthonomal basis formed by

a et of  ommon eigen}tets {I((?D, n=o,|.9,...§

Al@> = anl@nd
AE)IW> = by |G

Dmongvaton 8 (%) Hyp.. AB ae vl with the same efgenker.
DI Y Th - 2 on | %< G|
Sh N AT XN

=

Ab - (20 6<6] (2 b 1)< @l)
= 270 tubn [ @0 > < Bl B> < B
- 2.3 Guba S e
< 3 b [ GO R | = T aub Ty
We opfamed that A8 is anotgr novma) operotor with same eigenlfets
1@ ) o A g B and wih eigavaues  Gn-bu
BA - = Dbt 16CE] - Thw T - AR
We haw demonshiored that
(AB]-AB-BA -0 v
In this @se, ciocsing  as basis { 1o
abs

lel 0
B-BA - :

0 ' Qb _

the ciagonal maknix  representation s



RY)HTIAN 0P RS or self - QQJ\'n Nt Operat Y()

Defintion of  hemmittan operator -

A - A
) %)
An bermifan oetor @0 be Seen as @ (momal) ogerator A havi g & Spectial dewmposition with al)

real e\evalves

Example - demonsirate thak an hemniton ogerafor i also mormal.

W
>

Hip. - A

>
>
—
1]
>
>
"
>y

AR -AR-A
Henu -
AAT-AT-A
kal_eigenyalbes (‘(L *=(l\n)
enlonsiation o %)y A - Son |8<H
e ! > elgenkets
Al =T o [@XEW!) - [ ZoaTh) = ZaxTh
n ' 4 n _/—7—
-2 T e nthogonel pryes ale Demifion operitors
" v Th =[G @ L
= (L) = <l 1) 1= o
Do nongrahon hat 3| |‘ggwa| ei ofi on hemihan. opevatpr  qye 10l -
Hp AT-A

A“ﬂl) = n (PYI>

<41A1%> = GlawlGd =

xpedation valve of A inHe eigenket | @n> st be moal 1o the eigemalie |

Ve now have o consicer the doar expresyt
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Demonstrate -

Ale)" = (wlad]
(AT - (hla” - 0 <G|
ChlA T4 = <hlfD> =
Bot v have obfaied :
(B lA 1G> - o
By hypothess | AT< R = -0

0 ed(heigenvalue Qo is eql. Ve

TP 0"+ 0" ave hwo oiferents eigenvalves of  an henmihan operator , then the

(OrriSponcig —etgenstotes ave orthogonal .

. o Al = wlvh
ALYy - an vy

Tt is onvenient for endencng the s@lar progut o close te flvst expression with APt

} with o' + @'

and the yeong wih  <¥'[
0
VLAY = <A (W
. ) "%" or "t"
CY LAY = at Koy
NTTVTRICS t t
<W'|AW"> _ [0|\</\y||wnu>)
CPTATIS = (0] o 1w
= Q!
But we Know the openator is heminan l?\+=?\) hene -
Y TATINY = (ALY
0 we (an write.
@ <,\pulAlwl> L 01 <w|||w|>
o RTINS < q (Y
> |o'-0) <V'IY'Y =0



Bur a'+a" by hypthess = <A -0
S0 we. have demonstrate fhat e eigenkets |5, 1Y ave orthe
ORTHOGONAL PROJECTIR
Novmal operarors
// \\\
/Hermiian_openaty AN
/ / \\\ )
/ Ontiogoraprojctors —
\ ( ) / //
) ) / '
~ -
T~ __—

A Oiloogoral - projecr T by efininon, is a0 fRmiton operator (T = TT D
m-T17 IDENPUTEN(E fRoferTY | IT | = 1T or_any | integer | 10> |
amle . T =TT =TT-TT=1T =T

-~ n __n- N
T = T s =10
Orthyoral_prjedus iy eudihan_geomety
t
Yorsos Tk, Ty, W& |len
U
- = =
I /// 0= (x - l{*k7=4jx‘ +
~
o _ | Ox = -7
Ty U Soler components - oy = T
X e =TT
X
The vetror projection. Ofi U alng € axis s -
Uy =y Ty = (LT) Iy
alal (ogfpuaeat |f fhfmmlr& along | y=duis




]Tq ‘F. = Ny = l—l-l"_u_,)_]];l.

Obviously we have that -

heree -
My - Ty
=>idemgotence of orthonorimal  rojecor i euclidian geometry
D we have - sm]m_uﬁl ent | in_the expangipn |of
gentralieation 10 A —

—~
—

-
=|
)
=1
=|
|
—
=
"
6 ’/\
s
<
N~
=
A\

Hilbert spacey

<




ORTHOGONAL PROTECTOR r Hitbert space 4% dinenson | Bite or_infimite)
An_orthogongl  projecr - of  rank [0¢reDd, wih @ mtoge:) 15 defied as the
orthogonal - projector | Lo an idempotent | hermitian opmtor) N 3 subspace. 2% Of  dimension
W of the Hblert  spae 4ttt @n be wrilen as

My -2 @<l
whee {190, 1€y, @] is te orthonomal  asis of the subspue .
Tn generol, e vk of a linear cperator s the dimension of e  pspate  formed by all the
mage - vedor,
In@se of Yank =1 we obfdin the orthogonsl projecr in d Sifigl quantom  space :
Te + 1@ 0]
The eigenvalies  of e awe

{ | with noltipliciy lorder of dogenevacy)

) -
0 i wlphaty | D-1)
Tor example :
A |V fr 1YY = x|9 (W is the same quaniom siate of @)
e |¥> =
0 for <Q[Y¥) -0 |Vaw @ aw ovthogonal)

At n be Qeneralized fo the eudidian . Space :

AE

T \ly-axis)

v
v
=
=
o

x " T x-axis)
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Exeruse:  Demonshate that He only pusiple eigenvalies of an orthogonal projector are 0 and 1.

SWLUTION - By definihon of T we hove fhe idempokenice property
1t - 1
We (@0 write the @igenvalie  fimcion -
vy = A1

T4y = T W) = ) < ATl = a2l

®
= @ fhis s & geveval property of any | ogerator

In particulor for  orthogowal  projectors -
Ty =T - Al @

By el @ and @ -
Ay = x| for an eigeaker | %> (bene 3 non-ero veor)

0
Y=2 — AlA-1)=0 — )= v’
1

The trivial” @se 0R having only O eigenvalve s the null operator. The other "trival st of hawig

ofly | eugenvalie is fhe identily  operator  (rentt =D} .

e 19> = 1%y = |9
D-1
Z 1@< = 1

THEORY OF  QUANTUM (PROJECTING) HEASUREHENT

Non—degenovnte (Qse (mensuremenr 0f an Observable with disele and 1on - degenerate spemum)

all eigenvolugs ave non-egenerate, that i with
fnuttiplicty(orcer of degenerahion ) |equal fo 1.

The wolnplicdy of @ eigenvalue s the dimension of the sb-space formed by the conrisgonding

elgpnliets.
92 Alw> = o>



=
=
N
\l
<
=
S
~
|
<
S=
<
—

If 19 is eigenker, alio o |Y> iy elgenkier

\_/
=2
=9
-]

In e of molfplicty > |

(€=
—.
=
—~

=
~
=

envalve , e have ¢ Orthovomial - efgenkels

(orrés poucling o fhis Q\'Penvalue-

A |‘Om S o= l %)
for {‘(7.» 6,5 .. I¢§>i —— _the orthonomal  eigeniets
y 3
A §L’ (fn > 3 { 2_» @n > \\\
" - N .1 thel mulriplfaty. of the_eifenvalve | G,

e(g(rmt in 3 Hilbert Suph-spce dimension n-)

In the O~ degenerate | (ase :

Sl [@n> , final nommalieed. Ket

{ > Quantun wllagse

it voymaled Yt Q[ th e genolae )
neasurement vesult

anklm . measoremen
Dnghf 0 mm A

Ho abnla"#y Born' rule);

W = | <Ol -

wﬂ o ofi Hhe  orFhgonal | Quantum flidel'ty

emonsfraton ;  The orthogonal  projection o |W > ool | @m > s

-

o WY = | @< |¥>

I T [0S 1 = (T 1) (T (3) = ¥R T l®)

pcauie) the |projéctor s heymiian

= (Y Tl Tl ¥ = <Y TT2 1%

= (N T | D V| O S CGnl ¥

]
VAN

— for the [salay pradvet| the| "+ is {the same of | “*['

= (YY" <GV

N RUALNY N Y




egarenate ase - ar least one eigemvalue s degenerate

(8
—_ nZl Ml @ > ith| L@, 1190 n Y dgenkels with_egenvalve o
v quantum_(ollapse
i ——R
measorement resolt| is an eiganvalue of depeneracy order (o multipliciry ) qual fo w >
(antum: measurement
ofi the observable A

There is nosimple way fo Qeneralite the Vo 's wle, Dot the robapility @n e exactly written with the
orthogonalprojector. | The  grobabiliyy of having resulr f measurement o s :
@ = 175, 1w I SRRk

Two obserables A\ B ate simoltancoosly  measoraple lf’ur any ififial~ sfate W) if and only if  the

lermihan openators A, B ommute

N

AB are compahble observables Ce = Hemitian operator A, ommure
\Simultanegusly measorable  for (Le. [AB)=0)

any inirial A N L
initial ) (*)\\_/ //

AB hare g set o compn elgerkets
foming a0 orthonormal  basis
{ 1@ with n-12., D1

{E\l@n& T (lml(prﬁ
B> = bnlPa>

The relaton () an D undersood in fhis way -

| > | )
¥y —
> Om —— bu
leigenvaloe of A) (tgenvalue of B
QY of A WY of B

94 After the weaweemedr of A ¢ B [whn [RB]-0) tere iv a quantom cllyse {or ortonormal



f0jttlon \ into omvion  eigensiate @y which is the State with el - Oefined yaly

o Al B (‘esgd\weh{),
Two observables  A.B e not (ompahdle when. [AB) #0

(amonically - con Ugate  Obsenvables lhm pos(hon qn nmenmm\ 1o nor (omyah

o —

\neevtainty principle | in | geneql. form

[‘AA\ lA’ v 2 1y [A"B

We @ Yenfy thar -

/N~ , N
A,F)\J = Qni- hemihan oprator = & C
\‘ﬁ?s e Q{mri'avx) s fprmiian |iporator
N n +_ N A
AR = -LA

x>

—>
—~>
=%
=
~
—

notally ompalple = it is posivle © dimultapeposly measore. X,y %

fositionvedor T = [x.y.%)

>
>

_—
-~
=)

ave owpanble  ——=  the momenton yector (N be measure

Exerase - V@r'ﬁy that

x
-
il
-]

x>
—_
"
x>
_>
)
—_>
>

We have to werify thak

x>
-C)
[l
-
<>

UTWON . In the

=

0SLNOV | yepresenfation :

>
-
<=
~
v
-
~
o

-
>
<
y
'y
><
<

lxy.2)

an




0y0x

X0y

30 fthe | Operafors (Qﬁﬂmlre-

+0

A
“Px

(xy.z) = =K LI 4 )
(xy.z) = - LI )

XYk
= Py

M

o

hible .
Vixyz)

Dx'[)(ll
i 2|
i 2|
'{)x’

0X

- 0 \ Vixyz

)
oy
-k 0

X 0 Yiwa) e am 2 [ xWixun!| =

v QTe (O

XU Y (xyx =
-i%

ik

N

de ot compitible  that i [X. i |

niaton -

—

X

athemahial - theoye

eprese
A
fx QN
Tepreentation -

D
v

~
X

0rs

0 0x

Yx

<&

hx X |V

o0

t

<><

Jn fhe  posiho

bt xy =
Verify | that
but  from 2
% the operat
Yerify  thak
Tn e posiho

SOLUTION) -
SOLYTION -

EX RQODBE

E XERCSE.

+0

- R ¥R

ox

X

X
o) > LB -

0x

v

=i x Y oWk e O

x e nof Omghble

~

X - g

D the X and
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RY | OPERATORS

-+

defire @ linear opemtor as an  ONITARY OfemaToR U when ifs ad) oit U’ s equal
the imverse U7 of the 0perlor.
‘d?f N | NN AR AR 3
Unitary operator < U -\ | tat & 0-07-0-0" =17)
U
eraist . Yenfy  thar an Uiy operafor isa nomal opelator.
U ontan > nomal operator
0-0T= 070
TioN - fvom the deflinition of unitary opergtor
0-0"-=0"0 -1 %

0S¢ any - unitary operdlor | i3 also Mormal , we (@0 wyite fhe UHMJMOF nth the s pectal

posifiog

Thepren -

I*\
Unitary - oferstor — Nonmal operator havng a pethal
A < >
Normal opesafors U i and only i) eompoyition
// il — b A
i N 0 = 2Tl = T 196 |
)Um’kan, eralors
W With sealpr ceficients Un of
o ] / —
y odolus. equal o one (\luvl=l)
/ fr ooy n-0L2..

<L

moreover We Know [that  Nn lare|fhe e\"gen alues and 1 G0y ave [the

Loreespondn othonorma) basis

(&)

genkets ok

=
e

AL

ERUISE: | olemonstrate {nok

>

onifary operdiyy | ==>all the eigenvalues are of vnifary modblys s Juwl=] . ¥




@y = u|by *

<>

OOLOTION

3
S
~
|
|

=
W)

~
S

-+

@100 0y = [olwley)

COITT®Y = <@ lul*| 9

But | @) is an eigenket and hence 1S 3 NOR-zen vedor:

el = <eley > > |t = W= Y
Demontiration of ) Hyp . 0= DTl = 2™ [@>¢ @
—
igenvalles |of lunifary | moduly
~ N~ T ~
Th UV =04 =1
Dem . U’ = "; >“9me) = |\ for|the | ankineuckyl of | *4") | =
-2 T - \‘Mhagmgm prajetton e flem fan]) =
m
= ZQ-L%‘ -m . A
m forlmeanry of TTim
AT i o)
VRV \Ze 0 T et
= o 8-1%91% m 1ln
~9 N
. M =TT for w - N
M T =) 7= Om IIm
0 for m#n )
In ,fac : for the orthonormality f the bais 1), n-=p)0.}

Mo Th = 18l | @B = |G 6m <G = & lmd<B)

Hence - for the Itlogore_proper

XA

-
—‘
C\
\
)
a°]
\
-
By
'ge]}
$
1]
>
=
I
| -
-
N

mn



In 2 similor way :

~rnt : iy A ~
UU _ ;an-e U0 Wn = =1 \/
| )
Theorem - Unifary - operator linedr  operator  consering e sGalar product
AN BETA R
[0 07) [andtiene e porms )

We an say Wk unifary ojerafors are e generalitation - fHilber Spaces of e feometry - Oferafions

\rortions ang reflechions | (onserving  angles and lengths in evdlidian spaces.

emonstrafion ofi (#) - m_p 0 is UNLtary  operatar.
lvy - 01y
@'y - {10
Th. - (onservaiion of e SRY rogdudis.
P W) = <Py
Den. <9 - e - (Qlen) - (o]0
CO WYY - <INy - COTIYY - <0y
In parficolar :
| O1w>] = v
being
[0l I = [O1%)"(G1w)) = <0 019y - Tiws]® v

We @an say - that -

unitdyy opeatlr (= linedr operator tansforming an orthonormal - fasis { 10nY, n=0,19,.. }

iy amther orthonormal msis 4 16> = 016> n- 0.1,?,...‘1

Tt is obviovs that e orthonormality of the basis is preserved by agplying 0.
(@ml@n> = Omy 99



<(Aém|('én> = <(Pm|01’0l(9\q> T <(Pm|:1\|%3 = <(()m\(0n5 = 6mn

An_ unitary operator 0 is repesented in given  orthonormal - basis by en unifory  matrix U, fhat is
b voatrixwith inverse mamix U7 eoual fo fhe comjugate  tranyoie matrix UJr.
The matyix  efficients  of 0 ae -
Unn = < G [ 016
The inverse  matmx | snows  coefficients .
.

Umn-I = <(pml()-'|q7n\ = (‘PmlO”‘@Q = Umv:r = Umn

N2 given orthonormal  basis { | € - 0,\,9,...])

0 onifay operdtor - <==> unildyy matrix U in <=2 e Inverse manrx i the
2 iven orthooral bayis (onugale franyoe. metrix -
Un = U’
A
7

mattix  with_orthonorma)

oomns | s )

z rofations | eflections z
G‘ /_\ B
] fixed veor| — selor oefaents
Y degends |on ne

/ @iihesion reﬁeveme
% i

Unitaryoperator U o
“‘Pn) n-00 ] SR Gy w=oro )

fied Kt |9 = selr oficents A = S@l¥>  depording on the hasis

matyix _Yepreseniahon :
1) =[0GV = Z @)y e— he | cOUMR velhr
100 ik | :



Tn e rew bass 4 1@, w002} e sme Kt 4> i represenrea by fhe colomy vector

[’im TR

(alwlote fhe relation between | A ) and ’)M;
A = Bl
bt (Gl - |Gy - | 0] - <@W\|GT. Honge -
wn = (@01 < (G]OT 1YY = <@]0T Zanle - 7 Gl 07100

-7 MU - by Unndn = 5. Usn
}

— : in_matrix form NE E_l 2
Am = ;Uu-m'% —_— )N I R R O 1

e U = U = Un

©nsider now 2 linear operafor /A feprespniedl 1n - an orfhonormal - PRgs H‘Pﬂ, h = 0.1.2....\ by
marrix | (oefficients

Am = <@ulAlGD
Now we wont. 1o alolite the matrix (otfioents i anober orthonamnal baws | | &>, with v - o,n,z,‘..}:

A = <G |A| G wih 1@ = 0@

Closove pmpem/
~ n A N ~N AA (A Y n ?’ ~N
Amn = <Pu | A1 @0 = (@u [TALTG> - <<Pm\zh:|<pm<%l'f\-(;lwmwk\)m -
> <Gl G () /\l\wwwn
;ZL?
2 < al |sa..><<9h|f\|%><%lulten
=23 Unh - Aw - Ukn 101

+



v = Ui
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QUBITS

The “ classal Dit" 13 gesribed by & classi@l physical system . Hat @n- aswme only two States

bit 0
bit |
For | examgle -
-—/—o [ ——
openswitch closed swilch
! {
"bit 0° "hit 1"

The bit can he transmitted. For example -

classical hansmssion hymne|

Tiansmited bit sequente - Retitved. bil sequence
+01001(01 - - < 0101100 -+ [with some enors )

After oxor qorrection | the recieved bif squence i idential fo the tansmited  one.

Example: - in_ opial - communications , the  classical - Difs ave implemented = a5 ON-OFF | light pulses

:P b "0" "|l‘ un np o "|" !

loll
bit iate & fs = YT [57]
‘ L fhreshold

< il shr time T

The cassial bit Q0 be alw desoribed by a geermimstie hgic {or Pookan) vaniable  assuming

te valves ‘fwe " or "folse "

In quantum informarion ano Ompuing the basic elemear off infirmation s the quantup  bit

lvameg 'QUBIT") instead o the Clossial  bif
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Quartum physical - system  oblaiel a3 supexposiiion of fwo_

basis _orfhoqomal_qugntum ks -
10y and |1

(neranng an Hilbert sjae of dimension D = 2.

The qubit is fhe quantom state of a (Mysiel quantum  Systeny  described by @ 9-D Hilpert
space , expressed Py a linear  superposiion
¥y = x oy = Bl
geénem ubit i ond bays | qobit
fivst _basts Qubit
Orthonormal | basis. for qubit  Hilbert 3pace -
[165 n-oa} = {les=(0> (8> =]

N K and foare the sl (omplex) | weffiqents of the exgavsion of the qubir S

YepieRniaton in the oW = <O[¥> = «
qubit V) ¢ 3
"ompolationl hagsis " COIY> = <Py = p
Loy, 1)
!
fegresents e Qub it
p
ExerGse - (alwlle  <0JWY.
SOLUTION - <olwy = <o] lulo> + pIn) - <oluloy + <o|pli> -

= X <0l0> + ROy
But for the orthononnality of fhe basis [ <Ol @G> - Sm |-

> K<0J0d + BAOI> = Xl BD = X
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TThe. nomalieation conditton for- qubt. 5 -

=
+

Demongiiaiion 11> [ - <aply

WS = x[0) +

-0
v

0>+ phy)

[
\

+
=

IS}

e fiowm of fhe oubit i Hhus .

KA REE TR
Example . demonshaiion Using mati algepra
V) X
-
. hra B
QUAIT
¢ +
GARE x| =[xt B
B
P
R R A o L A TR T
B
SINGLE - QUBIT | QUANTIHY  GATED
unitary .
!"Vi& 5 oqntnr | Vout > Your > = !’\Pn>
U
Nin Nout Nout | = | Uo o || Nin
Bin ﬁmk Pum Uo. Qu | LB

U = €% | 0@ >  with mn =0, fr the qubits )

>
o




o = <0]0[0Y
U = COJU 1Y manix - oefficents | of e onifary operator O desaribin
U = CHUT0) 3 Quontum gate i the ompulational  basis 1 10), |1y |
D = LD
Xott = Un X+ UnBin
Bt = VU in * Ui i
Ex mple "
10) Uloy <
| K]\ U) l = (oo
0 WATH LY/
~ i the st olumn_oh e mahix |
A
I8 ans
? > |/ second coloyp of He| Wajrix
0 U
| Ull
" Quantem - T * gate [PAVL - X 6ATE )
Ao~~~
-2 -F-2-9/Q
0 b beaT s
i@l NoT
Al}ih> Wom>
X >
quantum  NOT
(handeristic action of X on the basis qubits-
0y —= 11>
X
1) [0
edr opevaior 13 Comfletely  dhavadeneed by s acion o the Dasls Veciors  {Le. by the watri
106 (effcients )




[ d 0 flrgy colum X
0 I
0 ’ I seong lmn of X
l 0
Q 1
X = Ruli =X maix
[0
Noll Kin 0 | [N Bin
= K = =
Pt Rir 0 i Nin
Ryl ‘s operaton m(tmy and  hermit@n operafor  with | elgenvalugs £ | aciing Qubits , o
definition) '
na 2-D Hibat o).
EXERUSE Veriﬁy et X s ummy and  hermitian
WTIoN:  [) Xis umfery Decause 1T 1IN & magping hertgen  orthonorml  basi fack we lave -
X = - 1| = X
I 0
XX = XX = X
X X = XX = X~
ang .
X' =10 Lo = f1r0f=1
o] LI 0 1
(J.
XX < X X! =/ I~ idesity mal
X=X = X um’my
We also oy
X =X = X is hemitia (ohamable)
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Qgensiates Qﬁ g the  orthonommalized stafes :

+> = | \ 0)+l|>)

(RUSE: Yerifly thav <+[-> =0 and CH+> = ¢<=]=> =

oo, <= [ ey e iy) = (<o)

Col=d < L{co)« <t ) - L[y = 1y) =

i C0J0> = <0fy + <I[0Y = <i|1)y )

_ =) =9 i bra-ket notition
9
mafix al\lebm:
. |
2
N |
1L
Gl> =L =] -
ol f2l-) 9 -] 9

In fact we have:

= [+ tgamalie +1 )
a / ™ N
1= = = [-> tyenve -1 )
0 | I - l -l = —, ’

Lol oLl Aol (2 -




e ST gale

wm> A IAPM )
| Ry
T phast sHift g
{‘ \?¢ D 0
LR > = e iy
In this NS e eiferkels | are 4 10) , |1 } ith - eigenvaluey , 9‘“
Ko
I s l [fust cobmp of R )
) ) )
I R
0 ey (‘so(nd column o] ¢)
|
o | 0
¢ - L
Diggonal watrix  becavse e basis. qobits oY |1y & elgenslates o Rb.
In the parwlor @se of 6 - T we obiin the  PAULI-Z GATE
[0 \
Z = \di gonal  mayix  with eigenvalues + | and also he'mn‘mn)
0 -
I 0 l 0

genera) Ro # R¢ [t hovm‘(an), exept for
¢-0 = R0 = |1 0] = ]

D |
dl) = T =1 0| =7

0 -




» - GATE T - R
T =11
0 QHT/z.
'V\ k3
PAULI - Y 8AE 0 A 0 = |0
l J
y
B > -0 ST TR I
() D
V=10 -i
L0
Y is bith unitay and hemifian with eigenvalues +
The. €igenkiets - of y are.
(1Y - }_ [0) + 'llv) with eigenvaloe +)
0= Py - wilh ¢igenialoe -
u V2
In fact we have makix |represpnfanon
I
Yle> = 900> = ([iy) = LY _ Lo ]
2 2l 0 Le o) ey
NEYI Gl
|t 19 =i
gigenvaluey #1
v
A normal opartor @i also fe defiined by i%a spectial | dewompostion , fat s Khowing it
geIVaIES | and - elgeniectos
EXERUDE . (Al(Ulte the mafvix representing te Tooli - ¥ o, 0sing  The spectra) decomgosifion.
SOWTON : The fauli - ¥ gate has eigenkets -
Ty - |('0>t[!>)
11 N




S0 eQWosiion | is :

=
g
=
3

With respecnve

<>
"

—>

1

it orthodunal piojecor bnto, | 1> and |-(>

In toms of matiix  we have .

Where  TT..0 = |id<1

—
N

vepresenfecl by the watvix

<

<=

1% i {7,'

I aw vector representing the b (Ll Sih

| <0l -li<1])

(olunnyectortegresenhilg the ket | Jid =

-:,_] _

The otogoral pinjectwr onto o ofner eigenlet -0} of ¥

Wo vewark fhat fhe som oft the fwo  walrites ad TT s fle idenhty malvi

iy is & general proper 'y R the of the thogoral  projecions. onto eah vedor  of

o




112

3

Awditg o Hhe dosoxe profesty -
D1 =

2

n=0 [ 0>

In vt Op  the HlthY [ afae | of Qubity (u&memmn D=2) w v

Z |G )00 | =

nim B ﬂlm = 182(® ] + |90 - 1
Heiee i &5 oo positle to calulate e sewnd  projecor mafvix, after calwlaimg - fe

first one, as -

0 Lo -1
T 4 T
Lo -l

From fhy wakrix. we Obtoin the vile of apliation of  Kuli -

y jate on the

| — 0} first | coluvm
4 L0 L Of_matrix Y
- y L
of —™ ~L} send Gy
| 0 1 mabx Y

That is, 0 Dra-ket nofahon :
9]0) = L
VI = -0 0

e matx vepreseninng a Padl gate in an_orthanormy) (s | Por exampie the
orgutanonal basis | s boh hermibon nd. unilary. R is powsible o oke @
QUICK  Cneck - of theve  moperties in terms | of the mahjx coeffiaents .

Let b conyder & 2x2 wairix  {reprewniing 3 linear operafor g oy

qubits ) :



A -
A Ay
The acljoint palix lr flevmian  omugate | or (OH) Wyate Hanxode Mty ) N
+ A_I)D* l;
Aa AV

-+

Clis @ hermitian | (o \elﬁ--ali;om) matnx Py defnon  when A <A tht i

Am AO A 0 A_To

v A LA A

meaning tial the dvagoral elements Aeo, An | wust be reql .

Aw = Aw

A - Al
Whie the out-of - diagoral elements Ao Aw st b ©mgles (onjugaie

Ao = An

A = A

In se of Fooli-Y gate Duis property of woefficents is verifie

0N~ &0k -0f - dliagoval | elements are (omglex | fonjuggte
Y- [ XY ) [
>0
the di@g | elements are (e
NOTE . Mok x
Uso  Us
U =
Uo U

—+

[N mtan,: mamix by deflimton when  the ddjoint wmatwx U v flle inverse
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EXERCIDE

DLUTION

Moreover , the UNTAYY  walrites | refreqr i on orthonomnal - biasis +he Untfary operators.
whith have the  charactenstic progerty of perﬁormrng Frany flor marions lm mappmgs)

betueen. orthonomal st .

Herice the colomas | which are Qe vectors of an  orthonomal basis) must | fom
another orthonommal  basiy, | that s Q unlary matnis is - ddladented by havfng
ool colomng  {and @i fowis ).

The (ondiows for having @ 2x2 unifary  matrix (vepreseiing s quaniom gate

ading o0 single qubits ) ete .

o+ U] = | nurmolzed st clon
ﬂ 0ol + JUa]"= | noializtd SNy (ol
Voo - Uor * Vg -Un = 0 orfhogomal | columns

o ejuivalenly

Vs + [ Vi ]* = | novmolited st vaw
{ lUlor* lUnlz = | nonialid Seong | raw
or Vi * Vg Ui =0 orthogomal  raw

T s whicent b deod e omns (or te raws) a0 i @ of oﬂhﬁnwmah‘iy
e colonns, o i te vaws e othoromal  or vieversa)
Infoc, if Uiy ey slw U= UT s opilary , 30 the  oithonormality

ondilvon  applies for Dot lowns g r@ws.

Yerfy ot the Golowms of Tauli =Y makix dre orthonormal -

0 -]
y:

L0

ared norm . of

2

o)+ [i]* =01 = | v

the frar (olumn
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0l-4) *+ (1) 0

|+0=

il

il

1P+ o)

0

0

fn

S

(

woared norm o

e second coly

Salar | produck

Derwee




o

HADAMARDN | GATE

9

0O > +)='(o>+ll>) — colmn vecor ! | |
0 9 |1
rthonoy mal |basis ithoronl _basi
. V
U ,
1> > =y = Loy - | —  column vedor | |
12 9[-

Represnting matvix{in the - computanioal basis ) .

S| —

[«

,_
-

=
—

Tie Hodamord ate is another  Ruli's gate | ermmia,

v

iFary, with elgenvaly

H=H (he ,HmLopemnr)
ﬁ' = ﬁr lurnm' portor)
Pouli' 5 operotor == H=H"
X, R ) Involutory mpem,/ of fouli s operator
H' = H-H < HH"= 1
From the  mvolbfory — property
X o= |
0 e eigenvaluey I
] T

Unifory operators = “eigemlues ¢ ofi modulis 1 "N

Hermitian operaloys >\ al e\genve\!my- = pigonvalyes. +
\\ // J
We write -
A N A
H= X+Z whee X =0 1| ad Z-|1 0 [=|I
T 0 0 ef 0
N _/ — =
quanium 1o g3 Ry




Theorent - The  four peratis WV&H ft)‘ a Diis for fhe wectonal space of the lmear
oINS acmg on qublls: | (bt s 92 manes)
/,Z\ = Qo § ¢ R h-9 * z'A L_dimensional_|vectoriall 3pRce
3 N
= Qn -On
h=o
where .
&o = T
G - X
0w = Y
,\z = 2
\
E@E‘,@v' A linear opergtor A achNg o it (\\\m s acng. o brolimensional  Hilberr
space | | hfmu\'m? \ observable ) if and only if
3

N=0
A . . . . .
Theorenn . linear oerator O aenng ow qubifs s Pouli s operator if ano onl
A N R T 3D weor 0= (45 1,0)
(Y_, = . g'
N
3
7 A N A N
3 n MI i 1 + 1)y | 4 U
n=1
with T weal ang  nommaliee 3D | Ue(tor
Ok =

Example . For Hadamor  operator  we have .

7

=
1]




Ay qantun circoit acting o0 3ingk qupits v be Obtameo 85 te cesade ofi Quantum

tes { onifry opertors) -

|w> D [Py
Wm WOHD

A

W) = Ox 19y = Os- 0, |90 -(U 0, )lw>

The (ostade Of - quanfom gares i equivalent fo A sgle gate equal o the product in- reversed
order-

Wouk> = Geq Wiﬂ with Oeq = Gn ‘Om‘ On-z' I Uz-O.

The product of UnLfry Ogerotors iy shill - gnikary.

BLOCH'S 'SPHERE | REPRESENTATION

A gener(c Qubit - @n be seen ay - gperposition o two  ovthonoml - Dais qubits Lfir exomple
0y, 1))

1Y) = x|0) Bl
Normal ieapion | ondrtion v qubis -
Ju|™+ |pf* = | ¢ Ax
| ?5 }3
I @% of normplizdlon
|9 ' [u ] 7 (2]
ﬂ 2
| i) (olomh Vector ) “?* |51 pUhe smg

oW T s (%) }

PRI

Kepresenlaton of & novinaleed bt \_;e“b' L wlbh) }

0 sin (%)
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Ve @n imgne - 0 (e qobit s defined @ 3wy of & 9-D Hilbat sae, Pt 5 a5 a vector

of 2 9-D  Hilbert spaces apart @ ot mefuent \

We @n identify fhe Qubits by hs veccors
[ s 1)

e O s (819)

(aracttrieed Dy oo gardmeters | cb)] that @n be sen a5 Hhe Sphencal (orgimpes of 4 point
'PW,M onv 3 dorface of & sghere ofi radivy | Thix ophere Tepiesenting  Qupits s

e BLOM'S SPHER:.

. 05 | -xis)
north pole§ 10 P\U,fb) = Plxe.yez)
N o
fuaor | \ £\ L& Bloch's yedor = (6. Ye. 20) 0¢ ¢  (O-lafirude
L +2[ T Ao T 1)
0 Le-as) ang’ D¢ ¢ <om  longifude
> Merition passing fivough P
‘ [ty South pole
0= \y-axis)

u

The north-yole is (rovackerized Dy a  (o-lanlde. =0 |, w H |0)

0

The. south-pole s Chaactereed b\i 3 (-phbge O =T and 9=0, %0 9”0} seid’-m SN
|

|0> ang [ 1> are orthogonol qubity , 5o Hhey dre opposite otnts o0 Blodh's  sphere.

0> a0 |15 awe eigenfiis f the Z- Pauli operator (G3) , 30 the points on Bloch's sphere
oxt e intersection with g -axis,

We Know that the ergenkets of he X-Pah's operator @0 J+d and =Y = e lepiesaifing

goWs are fhe ferwchon with the x-axis.

Exerase - Venfy e interiecnon  [+1)
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SOLUTION |+ )

| )2
2 =
¢ 4 3 6)
Y% =" = U -
sVl =Wzt o=Th




A quantom gaf U wepieented by o untry operator  with two  Orthononnal ergenkers | %) | 19>
andmispondng etgenvales ¢t ' (eectivay) and expresed by e spetral dlecomposition
() = pWo m - o 10, ﬂ
€2 2
@n be deseribed by o rotghion on the Bloch's sphere around an | axis pavsing Hnrr!{g the
ter of e sphere g U\'ownng the poinls of the ' ergenkels, with volahon angle & = 61 - 5o
phase Oifference  botween eigenvalues
. 05 | e-dis) \
fotation axi < G < R
) 2, P, ae diamelrically oposite
ifation afgle 6=ﬁ.-§:/\\./1?, + P > R T
/.--:t % f] r'-..\\
,,,,, /
01 [X-8Xi5) }/ ] B\njh'w 0.1 means | anhlockwise yokahow
X B/
NEEZN
0 ‘\{-’xis)
~ loch's sphere representation fokation_dpe fo
Vo> = U [ Wi > P ? Hue
the adyn of U
I 0s on eigier of 0. hen 01> < o' | Go,>
—
=
same_qubit| means |sameoint | on the| Bloth'ssphere
The  X-Fauli'y | operaroy
X=10 1 QU 10t
I 0
with Qigevﬂ(gts [+> and |->  and tgevaves +1 and - | Yebpemel\\,l
‘ o . ‘ 0=0
4
o = _ s |k
§=6:-60 =TT
> bingry rotation
Wo hove d wtanion of T0 (@nt-dodiwise) around e yolabon axis  RP
- X axi hhaLuuhy it is named | X~Paul operatars "
X = XX =1 N TUO () mhrw ofohons o 1| gvolmd| e rtahon gas| = idenhiy 1




X - Pauli's operator <= Dinay rotation ayound the x-axis
Y- Pauli's operstor <= birawy rofaen afoud the y-axis

Z-Pali's operotor | < bin'mry rotan  around the z-axis

for_example -
+>—>—>z|+>=|o-'_|=‘_l pami ES
2 1Pl
0 -l | |
Av seen on the Bloch's ypnere
In gaenal , o Padli's operafor 15
8;; SMSe My? * uz‘g where % = (s, llq.lll) b a Blom's vedor (\mﬂan/- levgth veaor)

Exawple -

X = Ox with T = (1,0.0)

L 0x i descrbed on Blodr's shere by @ Dinory rokakion avound 1.
The cigonker of G5 ave tepresenred by the pointy

R (. by, )

R (—Ux. Uy, -111)

whore T = (s, tly . Aa)

Hadamar_gate

HiD - 1->

H
Z-basis — X-bass
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110y, 15 i e 2 -pasis  (ompotarional - bess)

114> 1-)) s e X-bast

H__ ;(*’2 ={k“/ )2+@-y-|(f§—’
12 i I i
V1o 0 W2
~ Dinory rotahion groomd fne 4xis igenfied - I - 1.0,1) = bisectrix
12
. 05 | e-dxis) .
fotation axi i |+> = |0
SENEN ANENED
rotahion ¢ w'\/ PN o+ = R
/NN |
N T !
0 Leanss) [+ — [+> = HT 0D
X /
N N\ or a fauli's werator
0= \y-axis) /j"—. i ﬁ
l hgm]l'h'a
Wiy

HEASUREMENT AROCESS ON LA | QUBIT

sult o measuiement | fither 0w or 0,

Vin > '
{ln‘m‘al QUDI) “’ Wj:;; T in_case ofdestructive measurement dhere s no qubit
Qo) Mmepyurement” g i
mmsgemﬁ n Observable A
oeorped by anl hermion operator A
fhe, bt Hibert - spoce )
A
YRYe - Al> = o@D
1
I’&\ (O|> ind ?nl(p|>




— n@wenent resuk = () bit 0

|Pn) — [ X G bit 1
— [Wwd = {biko
l [1Y) bit |

measorenment: op | Z. Obyervablel ox measorement i the | omputational | bagis (Z—bam)

hm,l»} foc | qoits.

Wo have o vandom irreversible process with  probabilihis .

PV, 0) = | <olwn> ]
Flwm ) = | Gl

R pobability o obfaiing bit 0)

R (pabobiity of ootoinmg bit ) )
(ongidermg the orthonormal  bavs [Io), |l>}.
R«R -1
We @n IS0 write
Ro= Myl ﬁu» | Win >

P o= < l ﬁm\ Nin >

kR -1 beawe T, «TT

N

-1
The only st of deterwhiistic measore o1 @ qobit iy when the quuit Is  an elgenstake of

ho observable | ¥hat 5 fhe oubic is one O e two  Dasiv states of nesiremet ).

No-dloning theovem . it is wot possible o clone an unknown qubit  except fr the @se

whith fhe qubt iy one of the two  basis slotes of the measorement.

Examfle:
— neaenent fesak (bt 0 or bit 1)
Win3 B LX
— I _yovu mesoe pit [0 nen |Wou> < 0> and | | = 0>

\eiher lovox 113)

T s possible o demonsirate  that  He  Byoli’ s operators U(Qﬂ firm 2 maxmal et of

124 (omplemnmry obaervalle .



Two observable A,B e saig wmplemeniary when ey e nob wwgghble | [A.B] %0) ond
when the eigmkiet  bases dre  Molly unbiased -

ey 1e™y] A-bisis | fomed by e egenkiets of A)

16" e ] B- bisis

RN S indegmdent fom mn - st = L [ quois )
2

[X,‘/] - A Z [we can verify by exem’se)

[v.2]= 20 x

[z.x] =20
Moreover -

[xy]=-[v.x]

0 | - i) Tie fidelity betueen qubits LAILANS
Fld %) = | <wlws |

[ X- basis) - Los“l@) = 0y (i)
- 2 9]

01 [x-8K13)

If $oT ten Poand Boare m‘emem'(ally

woite = fey = @*(V2) - 0
0= \y-axs) ,
nid ‘< /] WI>| =0

Ve [N =0 loﬂhogowa\ s\akes)

O = @ () < o
ol = = g
Al - A
Al = = Y2
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|V > > either |+> or |- ither [0

X Z )
=R =Y
_— — /
X — -
Oy | = T il
D -
<0< ] = o
Al 7=k
P‘ - J
Iy =




