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CLASSICAL OPTICS

optics is a branchof electromagnetismandthe light is described as an electromagnetic wave

AnIdealSolutionoftheMaxwell'sequation isthe Plain inondi Wave butthisSolution
1

has some issues infinite amountohenejiansjfffefIIIIYIII.fi io frasi
thephaseisconstantoveranyplaneorthogonaltothepropagationdirection

ax orthogonalplane andtheamplitude is constant everytime

rt
WecansaythatthisPlain wave is a TENwave

atterrarevector

E ITransverse ElectricandMagneticwave
H

1kt 21T Phasevariation

y d wavelength lengthvariation

tt isalwaysparalleltothepropagation direction

Èt.tt formasetofathreemutually orthogonal
TheelectricField forthissolution depends onlyon z andtime

Exlz.tl Ax cos phaseterm Ax ios Kaz out Ex
amplitude phaseoffset constant

planewavedirectedtothepositive e
Az At velocityofthewave v va

Invacuum thevelocityofthe electromagnetic wave is

V Io c 299792458Ms e 3108ms

In a homogenous and isotropic medium eg airwaterglass wecandefinethe indexofrefraction

ti L e c because hai In 0 invacuum
A

thefrequency doesnotvary frommediumtomedium il µ
Fortheyardedirectionthe electricfield canbewrittenas

Eyle.tl AycosKe out G
Ealett O 1



Thedimensionalityoflight is 2 the planewave is described bytwoscalarcomponents

TheMaxwell's equations are linear partialdifferential equations in E andtt sowecanapply the
superposition ofeffectand represent theelectricandmagneticfieldwith the complex representation

E lat Axeil atto A eIkee inte io µeioyeikze.int
E tet Re Èt.tt constantcomplexnumber Iphaser

fRe1AxlOsIke atto isinlkzwt.cat Axioskz wt

oxDExlz.tlAxeiHeikteiwt È eikze.int

Èylz.tt Ayeio eineint Eoyeikze.int

EÈH È eike.int
JONESVECTOR representthestateofpolarizationoftheelectromagneticwave

Thestateof polarizationoflight is describedby Jonesvector I is a rectorwithtwocomplexcomponent
it'san elementofa compiere

2DHILBERTSPACE

tomakeananalogy in euclidean geometry oftheplaneforinstance a vectorcouldbecompletely

described by a pairofcomponents theX and the y component

4
a 9 fg is a elementof ID euclideanrettorial spaces

Ny

I
Nx

Forthestateofpolarizationoflight the Jonesvectors are elements of 2b Hilbert space

Inthe Hilbert space wecanalsodefine the scalarproductbetween twoJonesvectors
t getOperation

III III t.li fF itItit Irmatrixii ri matrixIan
2



Thedaggeroperationforcomplexmatrix is simply the conjugatedtransposition operation

Two nonzeroJones vectorsare equivalent ifand only if onevector isthe productoftheothervector

byaAmpiescalarcoefficient This is Important because two Statesofpolarization land laterqubit

are identical ifthetuo Jones vectors are equivalent
TheStatesof polarization are equivalence classes intheHilbert SpaceofJonesvector saidrays
according tothe previous definitionofequivalence Foranalogywiththe euclidean geometry

f is equivalent to f III foranymai a 0
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Weconsider a

Èlett È eike.e.int

Jonesvector

TheJonesvectorgivesthe polarization ofthewave

Ea Axe io

toy Ayeio

To characterize the stateofpolarization therearesome parameters

Ayla
6 Sy Ox

By looking the plane where both the x electricfield and y electricfield lay we canseethat

theoverall electricfieldvector describes an ellipse called ELLIPSEOFPOLARIZATION

Y Ax
a

rt È
b a Ay

e i 10 e
e y

The period is defined as Te

Theelectricfieldrector rotates corrisponda4
anti clockwise momentof E positive handedness left elliptical statesofpolarization

clockwisemomentofE right elliptical slatesof polarization
Otherparameterstodescribethe ellipseofpolarization are

Ioe azimuth orientationangleoftheMajoraxis withrespectto axis

e elliplicity arctan bla forleftstates
where

a majorsemiaxislength

anton1bla forrightstates D minorsemiaxislength

e E4



LINEARSTATESOF POLARIZATION

Are a particular case where theclips collapses to a segment This condition ismetwhen b 0

angie ma o e

ti arcianiha e arciani 0

It is nomore possible to see a senseofrotationofthe electricfieldvector

CIRCULAR STATESOFPOLARIZATION

In thiscase instead theellipse collapses to a perfectcircle sowhen a D Inthiscasethe

sense is stillvisible so

iii ii
However sincewe cannot distinguish anymore theMajorandtheminorsemiaxis the azimuth lo
is indefinite

Wecanalso define the NÉ 1in a Hikerspace i

II µ thescalarproduct ofthe vectorwith itself

et nomoftheJonesrector È
HEINIEp È Heat tutte Eaten EI.eu leaftent

Sothesquarednormofa vector is the sumof thequand modulusofthe components

Thenormalization condition for È is 1Edittale li

so it is easy to writethenormalized Jonesvector for a linearstateofpolarization

Horizontal state IH 5



Ay O

È I III Il
Oy

With squarednorm

IAxe 1 111171014HAI
If Ax 1 the Jonesvector forH is and putting a O f
testate v
A O

iii tie t.ae il
With squarednorm

IAye 1 Iloti1114HAI

liste IX 01witha generic azimuth IO aµ
a

Los sino

sino
Ae l

costo

i
IIN cosalo sino I

Di 101 linearstate10 454 and antirai I 0 linearstate lo 454

mai in I tratti
III nel

Wecanverifythatthescalarproduct between Q and Q is zero thisverifiesthat

thislinearStatesare orthogonal This istrue also for HandV States6



9For acircolareinstead

Ax Ay
forleft l
forrightR

ci E G Ma thetwocomponentshavetobe
in quadrature

TheJonesvectorfor a circularstate
In

II t.at it.aeieleiI
raainsismto

i ei
19 Re

Ae Ae

Fanormalization A he and 8 0

Li fa NN l'Ira ll l til i

r è
Thescalarproduct between Land R

IIIftp.i IIi itt l IIn itiititI fIi ii7 o

Theyare perfectly orthogonal

QUASI TEMmono mat.ca

In casa0h Smooth transverse confinementof light

smalldirectionoftheelectricalfield inatransverse direction forvariationofthepositionintheorderof 1

È lx.y.at 4 1 4,7 e int
Have

function theyarescalarfunctions

I
ÈYIKY.tt layz e int

EInizia a 0 7



In caseofno polarization coupling duringthepropagation the Jones vector doesnotvary

è
live.tt the polarization remains constant

Hy
e l'we
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QuasiTEM monochromatic waveandno polarization coupling

Thelastlecturewehave found

Eg Eff play.tl.é complexrepresentationonthecarrier

representsthestateatighonction complexenvelope

Theopticalintensity poweroverthearea Wm is directly proportional tothe squarednorm

ofthecomplexvectorrepresentation

Ey Ex t Ey 414.412

Foramonochromatic planewave along the zaxis

Y ixUi ifeng.fi
Fora monochromatic sphericalwave diverging fromtheorigin

o
t o
PHY7

Then frainateei eire
r

Mkaye Aoeid e int Y
re ftp.T

Kate
Let'sanalyzetwo experiments

D DIFFRACTION OFLIGHTBY A SINGLE SLIT
I

F
q
d

Y eliked

e xxslitplane

Twoop sheetswithaslitbetweenthem

Wecanusethescalartheoryofdiffraction derived fromtheHuygens principle tomeasurethe

intenistyofthefieldat a certain distance d
Withthesimmetry ofthe geometrywe canviewthesituation in a 2D plane

9



n r n
werenamethewavefunction before

l z enteringtheslitwith4in withHut

thewarefunctionafterpassingthrough
eike yinY'out 4

d theslitand4 thefinalwavefunction

Yin I eikeI o eikeI o l

Yoni f
for H

or you red ft
for Next

elsewhere 0 elsewhere

Wecanusethe par field approximation 1Fraunhofer diffraction valid for
lek r Eat
Xd

y a eine f Y'out
buttertransformoftherectange

Y
eylg

e sina.ly

Thefirstzeroof thefield at xo Ted whiletheoptical intensity on theobservation

plane is a IYIpeak normalized

I KI a 141112 1
2
sina.ly

I IN Ipeak sina.ly XX
2Xo Xo Xo 20 30

Themajorpartofthe energy is contained inthesocalledthe firstor central lobe

Theangle Vd that definesthecentral lobe is called divergenceangle

tanlool If gtd
X a 1 paraxialcondition

e

In paraxial condition thedivergenceangleissmall 1Od k 1rad andsowe can
approximatethis angle with its tangent or sine

Od e tanOd X
l 63.6lobo

u
e.g 1 500nm l 200µm U aMl 2.5Mead k I read10



2 DIFFRACTIONOFLIGHTBYA PAIROFSLITS
ax a

g od se

likeyinHut Y
y

thankstolinearityoftheMaxwell'sequations

Theresultcanbewrittenwiththep pleopsuperposition the totalwave function issum

ofthe wavefunctionofthe firstslitand the wave function ofthesecond slit

Y V8 48
Y'out rect Y
NI g

eiresing lxal

Youth rect tf
Y ppl e

ik sineg Itta

x epafeiresingaleafter sing tailfinsinitiallefj.tw Iferen
Infarfield regime singleslitdiffraction term

term

1 ar

wehave 2a l a 92 We havealsoconsider thatOg K l
s a K Id to
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Thelast lecturewe'vefoundtheexpressionofthefield afterthe twoslits

Y IP int sineg x le
ikr'teikr

Theoptical intensity is then

I P a 14 p 2

1 P since Lien latbl lab latb latebylatb
ata atb abt bib

Leeke212Reeikkeihre letter
a 2Rehab lb 2

1 1 2Re eiklezri

2 2cos k ra ri 211 cosk ra ri

I Pl sima ftp.ffhdestructive interference to2 constructiveinterference

ÉplxpUp

sa r

e death dfr.gg
d l flyfarfieldapproxd

Taylorexpansiontruncatedatthe2 m

ra VK.at df1 1 tq l
ri t d Igf d that a

2d
ra r 48 28Ma E d 1ft d that ta

2d

sothe intensity is

I IP a sineEg l cos 2 39,4

I IP Ipeak since I l cos2K29gx
interferenceterm fromOtoo12



Thespatial period pitch ofthe interferenceterm is

A Ad
2A a I Ipeak

1

thishastobe envelopedwiththesine

I
2A I I 21 3A

interference fringes

This is the Young's experiment 18011 and it was a proof of ware theory lightagainst
corpuscular theoryoflight Newton 18thcentury

SINGLE SLITEXERIMENT

It is a very similar experiment tothe interferenceoflight by asingleslit but thistime wedon't
have a planewave but a streamofelectrons that incide ontheslit

ne
Is Alltheelectronswiththe

electron

qÉ
samevelocity modulus r

gun
t

sz
alongthexaxispe

detectingscreen 13
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ELECTRON DOUBLESLITEXPERIMENT 3 WHICHWAYEXPERIMENT

e detectingscreen

z

i o
Keefe

armammanatina
I ph

me
p 1 2,4 K AK

Wecanconsider at first thesituation where the second slit is closed on thedetecting screen

wehave the diffraction figure ofthe slit 1 The probabilitytofindthe electron onthe

detecting screen is givenby

Pius C sinoff lx anormdalization
constant It Prude I c

Wecanthen considertheothercase slit i closedwhilethe slit 2 is open

Paul C since letal

If boththeslitsare open atthesametime thereis interference andthe total probability isnot
simplythesumofthetwosingle probabilities

Plx Pok PaK

Pix N x Mix 411112
SUPERPOSITION

PRINCIPTEOFQUANTUMSTATES
Y x Y K YIK

Ingeneral 14m 4 x Ya x t 4 x t 4 x dueto quantuminterference 15



Thetotalprobability canbeapproximated bythefollowingexpression when toDA laza

PH C sinceg I it cos2,3g4 Ya

Incaseofnopathinformation the electron is in a superposition of twoquantumstates

D electron passing through slit 1

2 electron passing through slit2

Onthedetecting screen the electronwill bedetected in a unique position I like classicalparticle
butwith a probability distribution showing interference fringes Ilikeaclassicalwave dueto
quantum interference

It is possibleto destroy the quantuminterference by insertingtwodetector pathdetector ineachslit
I

willdetectonlythepassageoftheelectronwithoutabsorbordestroy it

Inthiscasewe observe thatthe electron can either passthroughtheslitherorthesartwo and
quantumstatereducedtostate1 quantumstatereducedtostate2

sowe cannot see the passage through bothslits Moreoverthegyerhereniggestroyed andthezero

probability pointsonthe detecting screen arenomorevisible

If thepathdetectorsarenotsoefficient the interference fringes arestillvisible even if thezeropoints

arenomore zero but avalue slightly larger

Inthecaseoftwopath detectors in theslitswehave

Pix I Pile Pak I 1sineg
Incipleopcomplementarity Bohr 1927 Wave ParticleDuality

Thepathdetector canbe implemented by using a Wilson chamber I 18991 Thischamber isusable
withall charged particles like electronsforour case Thechamber is transparent and filledwith
saturatedvapor When a charged particle pass through this vapor it creates duetoits charge an ion

thatquickly becomes a condensation point forthevapor Whatwesee is a trace in thevapor

thatindicatesthe path usedbytheelectron16



It'simportantalsototalkaboutthe Copenhagen interpretation ofquantum physics it's a
statistical interpretation using the conceptofthewavepunchonVK.y.tl The quantumstateof a

particle leg electronprotonsatoms ions particles is describedby thewave function 41xyH and
the probability density functionofdetecting the particle in apoint Playz is givenby

Playe VK.y.tl
2

ax Or
Theprobabilityoffinding the particle in avolumeV is

2

441xHelldedyde
Ye

wehavealsofindthatfor an electron particle with awelldefinedvalueofmomentum

F Meif alignedwith Eaxis

IfI p Mev
thewarefunction describingthisstate isgivenbya planewave

Yte Ceike

withthe DeBrogliewavelength relation p Aki
ipe

4171 C eA

lyre12 142 s notdependent on xye
inthiscasethewavefunctionisnotnormalizable

There is a complete delocalization so there is the same probabilitytofindtheelectron everywhere

Themechanical quantities whichare canonically conjugate are complementary in quantum physics

x Px

yPy
z p

arepairsof complementary quantities

t E

complementarity means thatit'snot possibleto simultaneously havewell definedvalues forapair

of complementary physical values 17



UNCERTAINTY PRINCIPLE Heisenberg 1927

For complementary physical quantities

AxApe I 1
It'sanothermanifestationofthe complementary principle

Fr ne

É ifgon

Theactionofthe slit isto bringtheperfectly delocalizedwavefunction into a central lobe with

the drawbackof having an additional momentum component to the finalmomenton vector

pi c rectfe

P to for 42a x cele s Ax ex a Ax At 92

Theslit introduces an incenlantyontheposition and so onthemomentum

Ap e ptomod e pOd pX s Dp Pz.gl
I be2A

soap
Y
P t

It
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UNCERTAINTY HEISENBERG PRINCIPLE IMPLICATIONS

Wemaywantto apply the uncertainty principle to a macroscopic body such as a tennisball

uncertainty inposition DX Iam

Wewantto calculate the uncertainty inthevelocity fromthemomentum

DXApe L Ap right 2
9.351,5 31028kg.m.si

Px MA AM Dp 3.1028kgms t

ggo2kg
51027ms Negligible

R incaseofelectronsthemassisreallysmall the
uncertaintyonthevelocity isnomorenegligible

Theimplicationsofthe Heisenberg principle forthe macroscopic classicalphysics are irrelevant

It is possible to say that classicalmechanics canbe obtained fromquantum mechanics in

the limitof h o The classical mechanics is a verygood approximationofquantummechanics

whentheproduct between typical tolerances in measuring a painofcaghipgyn.uagated physical

quantities mustbemchhigherthan the Plank's constant

Eg Tennisball passingthrough aslit

M 60g oro2kg

X DeBrogliewavelength I my e 310
39m

Od diffractionangle a 1 I 31039rad

SCHRODINGER WAVE EQUATION

Wavesofmatter oralso matterwave are described bywavefunctionsYet4e
Weknow by classical optics thatmonochromaticware in free propagation are described

by a scalar envelope YK.u.tl obeying the Helmholtz equation 19



DYinge K Y xyz 0 Where KEmodulusofthewaverector 31 414,414
constant

withsuitable boundary conditions

The Laplacianoperator 172 13 2 3
724144,7 gVK.at g4144,7 Yami

planewavesolution Y Celke

Wecaneasily verify thatthe planewave is a solution ofHelmoltzequation

D Cein cg elk C2 geira C ikgleike C ik eike

CK e ik athxversors

a
pKeiko K cette 0 Man Verified ye

This is also satisfied for a generic wavevector anydirection K Kxtx Kyat Kent

In caseofa generic planewavevector

VINUt Cetateikyy.eikzt c.eilkextkyy.kzz c e it
positionvector

Tp xye
PxpYpEp

K FF KE Ky Ke

The solutions ofthe Helmholtz equationare eigenfunction of the laplacianoperator 17 with
eigenvalues K

If I consideran operatorMa I canwrite an eigenvalue equation

MY my

If theequality issatisfiedwecansaythat Y is EIGENFunction ofM and M is

EIGENVALUE ofM

DYW4,7 KVK.y.tl Helmholtzeqwritten aseigenvalue equation

theenvelopeYlaye are eigensolutions and eigenfunctions of17 withcorresponding eigenvalues K20



Onlyfortheplanewaves is also eigenfunction ofthedifferential rectorial operator theGRADIENT

D f g g
where D isthe nabla operator

DYKy't grad14 2 I YyMT MeAT

Eg planewave

Y e if't eikateikyy e iket

2V11.4.71 ik eint eint eikat ike x

Onlytheplanewave is eigenfunction ofgg g
with eigenvalue ike ike ike

DXlait OYOY31 ikY ikN ikX likeikyIke Y if y

Thegradientofthewavefunction Y isequalbytheproductof i thewavevectorand 4 the

planewave function Y is eigenfunction ofD with rectorial eigenvalue it

Inquantum physics the quantumstateofa matterwave e.g anelectron withawelldefined

value p ofmomentum is described bya planewave like wave function

Y xyz e it where F AK DeBroglie relation I hp

letter

butthegradientofN is

DY ifY PY thDY pY Eigenvalue equation

Thewell defined value pofthemomentum fortheparticle is eigenvalue of itD

In quantumphysics themomentum is described by theoperator

int f it iton it
21



CLASSICAL MECHANICS QUANTUM PHYSICS

dynamicalquantities operators

Pe pi it 2
ox

py p it

pe Pe it

P lpx.py.pe p px.py.pe ihD

22



 

Thelasttimewe haveseenthat the momentum in quantum mechanics canberepresented by
the operator

f eAD

inthe position representation where thequantum state is described bytheware function 41e.ae

f Yuyet ihDYlx.y.tl

Wenowconsiderthe socalled Free particle thatis a particle in a regionwithout

external forces In classical physics the energyofthis particle is constant 1 nochange

during evolution and it is given by the expression

E Ekin lyMlt

p mu E I I
2 M

In quantum physicswecansubstitute the momentum pwith its operator and obtain the energy

operator the socalled Hamiltonian operator or Energy operator

pkFt

tempi
l ih 172 A

Laplacian

pen it infry it I piAypit

In classical physics

p2 pl pi pi pi
If wemove this relation in quantum mechanics

pi p pit fi l int III g 1 I eA2172 A D

LAPLACIANOPERATOR D

p241xyz h474lx.y.tl 23



The Hamiltonian operator forthe free particle is

IF A pa
2M

For a freeparticlethe quantumstate with well defined momentum rector F isdescribed by
a planewavelike wave function

VIEl eikon eif.E
Inthiscase if themomentumoftheparticle is precise also theenergy iswell defined Thewavefunction

is eigenfunction of the momentum operator p and also eigenfunctionof the Hamiltonianoperator t
because welldefined f well defined energy E

The eigenvalueof this 4 lit for It is exactly

E yEme t.lt
H'Y EV Schrodingerequation

Fora freeparticle the stationary 1with probabilitydensityfunction 1412time indipendent states are
described by wave functions VK.az solving the TIME INDIPENDENT SCHRODINGER EQUATION

The stationary state of any quantum systems are eigensolutionsofthe hamiltonian operationwith

eigenvalues given by theenergy

The states with a well defined position 1 thesocalled Hell localized position I Ix y e
will bedescribedby awave function givenby a Dirac'sdelta centered in Ix y e

YIXyH O x x y y e e

8k x'tG y y g z e
forX X y y e z

otherwise

Themonodimensional casecanbe representedasfollows

i OHx1
Property fKI Olex'I fix'tOh x

s x
24



The quantum operator I canbe identified with the product to

I Yi y t x 41h4it

In this case thewell localized statewith position x is an eigenfunction oh E with

eigenvalue x

I OHx'I x OHx'I x OHxD
In the 3dimensional case

E Elx x yy E E XSIX X y y z z

ya 51x H y y E et y OIx x y y e E

E Sl x X y y e E e 8 x X y y e e1
The position operator

E II ya E To lx.y.tl
EMEI E 4 It 1 4.44 e4

Anyphysical amenity of classical mechanics canbe written as

MIE.p.tl
Ifwe moveto quantummechanics the observable is described bythe operator
Ma M trip t with E E and I ihD

The energy of freeparticle

pclassical physics E
2mF

quantum physics A
2M

Inthegeneral caseof a particle in a conservative fieldof forces we have that

Etot Ekin Epot P t V E t
2M

Inquantum mechanicswe have the hamiltonian operator 25



H Pgm VIE t f D Vlt t

We cannowwritethe TIME INDEPENDENT SCHRODINGER'SEQUATION

ANIE EXIT

I
Im17415 Vlt 4151 EYtr Differential equation solvedimposingtheboundaryconditions

timeindependent

Wewantnowto analyzetheMIREMETROCESS

In classicalphysics the measurement processis NEUTRAL i.e themeasurement doesnotperturb in

principle themeasured propertiesofthe object so themeasurementresultsare inprinciple independent

bythemeasurement deviceprocess Indeed there is a smallerror in themeasurementduetothe

limited precision of themeasurement device butthere isno theoretical limit increasing precisionthe

error tendstozero We canmeasure at a given instantoftime position t and momentum p
velocity ofany macroscopic body and then in a determinisleway wecan calculatethe
motionofthe body and its trajectory

Onthe otherhand in quantum physics the measurement process is NOTNEUTRAL notneutralobserver

that is strinctly perturbsthe system In quantumphysics the physical properties ofthesystem

areinfluenced in a theoreticalway by theobserveanymeasurementdeviceproducinga
macroscopicresult

The quantum measurement process is random and irreversible notreversible

RANDOM theKnowledgeofthequantumstates e.g described by4114,71 defines the

probabilities ofoccurrence ofthe possible resultsofameasurement

IRREVERSIBLE there isnot an inverse process recovering the initial state fromthe state obtained

afterthe measurement There isnot ingeneral an inverseoperator cancelling

themeasurement process Hout Yin apartsome particular cases

26



 

TIME DEPENDENT SCHRODINGER'S EQUATION 1926

HYtr t it YleH

We haveseenthat a free particle with awell defined momentum p Ak and hence also

well defined energy E Ekin is described by a stationary quantum state

withwave function

Y z ceike Iplanewave e.g propagatingalongthe t axis
Wecan consider a monochromatic plane wave with Plank's relation 119101

E hr Aw FirstlyintroducedbyPlankforexplainingtheissueoftheradiation
oftheblack body

Inthe followingyears thisenergyhasbeen recognised alsoas the single photonenergy

The monochromatic planewaveforfree particle of energy E

Utz t cpikewt c e
thee int plz e int

n
using Plank'sequation

e t plz e ift

IfYleH 417 e
t
UK iE e

É
ifthe.tl iwfie.tl

HYK.tl HUH e int
We assume now A time independent

HIGH e
t t Hale

417 c eike gift
isan eigenfunction of p for a freeparticle E P

I Im nopotentialenergy inthiscase

Yle celke is also eigenfunctionofH
IHie EYE 27



thatis Nlt is a solutionofthe time independent Schrodinger equation

Wehave

HIGH é t
EYE EXGH

Wecan compare the expression 0 and20

EHH ith
titleH EX

dareequal

f Yet title.tt title.tl it that Tgif
de

Schrodinger's

It is possibleto extend this equation atall kind ofwave function andnotonlyat monochromatic

wave function

I
hastobeapplied onlywhenthevelocityis K C

In general forany particle of nonrelativistic quantummechanics we have that inthe
position representation the knowledgeofthewave function It t for t to andof the
Hamiltonian ofthe system

HIEp t
2
Vir t t D Vlt t

Foranytime t to then it is possible to determineYle t justsolvingthe Schrodinger equation
ITIEt itIIIT.tl

Weassume now a potential energy Viet time independent i.e time independent conservativefield

of forces considered according to classical physics

FligThd botharefrom classicalphysics

H Pfm Vtr Himeindependent

28



FYIt.tl FEET

This is a very simple firstorder linear differential equation with constant coefficients

gfit a fit

Ht to fit

flt Fito ealtto

By similarity wecanwrite the solutionofthe Schrodinger equation

Ttr.H H tolttYlz.H
TIMEEVOLUTIONOPERATOR

The eigenfunction ofthe Hamiltonian are characterized by awell defined energy E eigenvalue

Ellenaeineatinery

Weassumenow

IIT to Netr

TIEH e fittotti yet
If Y is eigenfunction of anoperator A witheigenvalue a then Y is also eigenfunction

of gAl with eigenvalue gloat

Yett is eigenfunction of e tilttilt with eigenvalue eElttolE

Itr t Mez e Eltto

e.g to O or equivalently multiplying Y by e
Eto

thequantumstate is described bywave function apart for a multiplicative complexcoefficient

III H and C Ttt t describethesame quantumstate

TIE t Yett e t't stationarystate thequantumstatedoesnotchangeduring time

Eg 141Tt YEA eEet Yett timeindependent

29



SEfgpe.int
ptfertaion isdefined as the set ofits eigenvalues

sTampfftff.itoperator is realvalued collectionof the possible resultsoh
measurementof the observable

Thespectrumofthe hermitian operator can beoftwokinds

discrete finite or countable infinite numberof eigenvalues

continuous non countable infinite numberofeigenvalues

mixed discrete continuous

In caseof the hamiltonian operator for a quantummechanical system the spectrum for

energy eigenvalues isdiscrete for bounded states harmonic oscillator an electron inatom an

electron in amolecule while iscontinuous forunbounded states e.g freeparticle

It is possible tobuild a complete orthogonal basis for the Hilber space describing a
quantum system considering the eigenfunction of the Hamiltonian

We can expand a genericwave function as superposition of eigenfunctions of ti thatis
stationary states with awelldefined energy

Discrete spectrumofH
Hunte EnUnIt InO12,3 nonnegativeinteger

III 01 415 EianYnE
scalar complex coefficient

continuous spectrum

Itt Ol Nlt aaYate dx

HYa E Extale x is arealnumber varying in a continuousinterval

Inthediscrete spectrum we canwritethe Schrodinger equation30



Yet IEfjEianYnltl nianetttiynlil Iane tenunit
III t is ingeneral TIMEDEPENDENT so III t is time dependent

Thequantum state is timeindependentonly whenthe initialwave function isan eigenfunction ofA

TIE t Nn t e
Eent

Thisis a stationarystate

FEITH Hunte é ten é Ent IMuli é EntEnuntil Entire.tl

31



 

CLASSICAL CASE

Single bodyofmass m Weknow position and momentum attheinitial time to

Tto to

Alto Po Éfo

The position and the momentum atany timecanbe evaluated through the Newton's second law

FltH Malt
FltH Mgottilt secondorder differentialequation

Withinitial conditions

frittol to

Lotto GTA

QUANTUM MECHANICS

Fora single quantum particle ofmass m forinstance electron atometc at initial timeto

weknow the quantum state expressed by the wave function Yleye So weknowtheprobability

distributionof the particle in the space

keyz is the probability density function of finding the particle at pointPlay7
a

It is possible to determine the evolutionofthewave function for t to in a deterministicway
but in absenceofmeasurements solving the Schrodinger's equation

HIGH it IIE t

withtheinitial condition Itt toll Nlt the quantum state evolution is

IIe t é
tttoth

Etzto32



Forthe harmonic oscillator

Ftr.to I t.tn It where Intr EnUnIe assuming A timeindependent

First fix é
Ittolen

y

NO MEASUREMENT

At t to theinitialstate is evolutionofthe

IT.to yk.y.z
quantumstate

At an instantohtime t to

III t

Measurementat a time ti to
Wemeasure an observable A la physical quantity

MeasureofA s
initialquantumstate

YinEl fly fly
fatQuantumstate

Youth VK.tt
In general Youth t Yintr

The basic quantum measurement is a PROJECTIVE MEASUREMENT random collapseofthewave

function into an eigenfunction of the hermitian operator A related to the observable A

In caseofdiscrete spectrum operator

AYn an.tn eigenfunction forthe operatorA

y

Observation Your Yin
ofA

measurementresult an

In the Copenhagen interpretation the probability of having as a result an is

Pn a scalarproductbetweenthe eigenfunctionMnandthe initialstateYin 33



Yn t.y.tl YinIXyt dedyde Born'srole

Hermitian operator A
e eigenvalues an are real

2 eigenfunctions correspondingto different eigenvalues are orthogonal

am an UmUn are orthogonal i.e nullscalarproduct

1YmUndedyde 0
Ifweconsider Yin Yn n m thenthevalueof observable forthis state it is welldefined

withnouncertainty and equal tothe eigenvalue an

A with P

Xm
MEASUREMENT

do withPo

Or WithPa

aim withPm Y
Y

results finalstates Y

Um

have a wave function collapse ororthogonal projection is

1 Ym lx.kz Ynlx.y.Hdxdydt 8mn

forM n
8mn

o formen

Orthonormalization conditionfor eigenfunctions

A umumdedyde 11 um dedyda 1

This isthe normalization condition applied to theinitial state Min Ym34



 

HARMONIC OSCILLATOR

Classicalcase

Some examplesof classicalharmonicoscillator canbethe LC circuit or themass attached

toanelastic spring
Feeaelasticrestorativeforce restoringactionoftheelasticforce

mm
m E I KIx real

elasticconstant

keg
sx

Atequilibrium E o e x req

Towritethemotion equation ofthe system we havetousethe Newton's second law

F MO

Inour 1D case

Fx Max s K x neg mi

This is a differential equation Puttingtheequilibriumpointattheoriginofthecartesian plane

req o we obtain

midgetke o d
mkt o

Mm
off wax 0

Thesolutionsofthe differential equation are

I It A cos at Oo theseperiodicsolutionsgivethename harmonic totheoscillator

plt Mee Mi MWAsinwt do

Wecannote that xlt andplt oscillate harmonically in Quadrature at thesamepulsation

angular frequency w Klm

Imposingthe initial conditions

lol to

plot po

wecan determine theamplitude A theinitialphasedoandthedeterministicevolutionofthesystem35



Thekineticenergy is described bythe expression

Erin moi
2

2

Thetemporal mean average ofthekineticenergy is

Erin f ftErinIHat fftPE at fftMIMA'sinloot do dt
period

myIA2 I
Imw2A2 l KA
G 4

Thepotentialenergyinstead for a conservative non dissipating forces is

Epot V

F gradV DV

E11 dVIH
dx

THI LIF1 1dx workoftheelasticforcemovingfromteatoa genericpositionx

f Kx ax K j Kg IMarx
Thetemporalmean ofthe potentialenergy is

Epot f MWITH at f fTIMWHcoslwtdo dt 1MWA
4

Erin Epot forclassical harmonicoscillator

Thetotal energy hamiltonian is

Hlx.pe Eriinlpx1 iEpotlx1 Pim l2mwk2

Quantum mechanics
ummm

The hamiltonian in quantummechanics is an Hermitian operator

IF HII.pt Pgm fmw2f2 where E andpi pi
36



Intheposition representation wherethe quantum state is described by awave function

depending on the position Nix we canwrite

I s X

pi s it

I pre l int
p

h

Wecanwrite the time independent Schrodinger's equation solutions thatare the stationarystates

time independent becauseinourcase IT is time independent

ANH EXK eigenvalueequationforH

apt1 Yal MWX Y x ENk

Thesolutions are an infinitesetofdiscrete

Mna pn.tn Yg
t.exp

Ygx Hnfmpw x
where nequantumnumber 0.1.2

i
normalizationcoefficient gaussianfunction Hermitepolynomialsofordern

Yu are stationary stateswithwell definedenergy

En hw n t
discretevaluesfortheenergy energy

quantization

Unix are eigenfunctionsofHwith corresponding eigenvaluesEn

Unh havewelldefined parity

thegaussian function is even

Hermite polynomialshave the same parityofn

Hermite Polynomials 

37



Hnk is
EVEN forevenn Even Untx Nnw

1ODD foroddn Odd Unix Unh

The fundamental state isthe minimumenergystate Ialso called nonexiledstate Forthe

quantum harmonic oscillator thefundamentalstate isfor n o

Nola coexp May

and it is a gaussianwavefunction

38



 

CLASSICAL HARMONIC OSCILLATOR

aEnergyE
py yman

Examplesof harmonic oscillatorsare

resonant LC electricalcircuit

a elasticspring

a heavybody on a cylindrical
sPositionx

surface with periodicprofile

ofthe height

Harmonic solutions

withperiod t

Acoslottoo
Plt Amwsin out do

twoharmonics in quadrature

Ekin ypg IA'mw sin wt do twoharmonic oscillations with period I
in phase opposition orinantiphase

Epot tmw's IA'mwcos wt do

aEnergy
weassumeto 0 do o

Time

72Ma
Ekin Epot

1A'Mw
EtatIt Ekin t EpotH YA'MW ENERGYCONSERVATION

assumingnodissipative forces

HO QUANTUM HARMONIC OSCILLATOR

EnergyE VA Imwax Duetothewaveparticle dualityandHeisenberg

uncertainty principle wedonotknowboth

position and momentum with welldefined

sPositionx Value 39



Westart from the stationary slatesUn x eigenfunctions ofH with welldefinedenergy

En Aw n t eigenvaluesofH with n 0.1.2 quantumnumber

Energy quantization Plank 1901

HUn Entn

In general wecan say that the boundedquant states electron bound toan atomlionmolecule

presentdeteraluesoenergy energy quantization

discrete speitrom hamiltonianH Ifinite or countable infinite setof eigenvalues
andare described by finitenorm wave functions

11411 LIE Yulax NH ax constant ta

b squarednormofthequantumstateH

EG normalized wave function

I lyk de 1

Those finitenorm ornormalizable wavefunction are elementsofthe function space L
which is an exampleof Hilbert space

Inthecase of unbounded quantum states e.g freeparticle c planewave theHamiltonian

hascontinuous spectrum non countable infinite setof eigenvalues andthe eigenfunctions

arenot finitenorm function Butinanycasenormalizableonly in generalized case

TheHamiltonian for a freeparticle

ti 2pm zero potentialenergy

Eigenfunctions of piand I arethe same

H E Ce ite Ce Ft

N xyz CethPet PutPeH c etax e pay pet

I
40



1
Theplanewave is eigenfunction of

p pipipi
with eigenvalues pepype forming a continuous set

o c px.py.pe s to

Because His functionof

pi pi t pay pi

The eigenvalueof H for theplanewave eigenfunction is

E Em pitpy'tpi
2m

s o c E s to assumingallrealvalues

no quantization forthe free particle

Theplanewave eigenfunction of It for freeparticle has infinite norm

Heirell 11 leitt eiti drayde 111 drayat as

theplanewave is completely delocalized

Ptt V4.4.7 leik.tl
Sprobability

density function of localizing in T xue measuringthepositionofthe particle

completely delocalized states e Inhinit norm VK.y.tl

Partially Delocalized states e Finite normVK.y.tl normalizable

ContinuousspectrumH
timeindependent

InfinitenormNx stationaryslates eigenfunctions

forming a continuous infiniteset

Discrete spetromH
timeindependent

Normalizable stationarystates eigenfunctions an
forming a discreteset finiteor infinite

41



Thefundamental stateof a QH0 is described by a Gaussianwave function

Yok C e2 where fr is a
characteristic length ofa quantum oscillator

Pal Now CkeMT a éÉ gaussian distribution forthe
probability ofpositionmeasurement

any variance inthepositionmeasurement

The uncertainty inthe position measurement is

Ax OI Kmt

H PE t tmw's It 131 It
adimensional observables hermitianoperators

I mnfpi

Inte
Themomentum uncertainty and theposition uncertainty forYoare

Spx The Ax fanta

Forthe fundamental state of QHO

Sx Ape I Thegaussianwave functionYo is a minimum uncertainty wave function

Ingeneral forany Y of any quantum system

DXApe Z HEISENBERG'S UNCERTAINTY PRINCIPLE

Forthe fundamental stateofthe harmonic oscillator theproductbetween the uncertainties of
the canonically conjugate observable position x and momentum pe is equal tothe

minimum I predicted by uncertainty principle42



 

QUANTUM HARMONIC OSCILLATOR OHO

Quantum state Noh QH0 is identified by a ray of theHilbertspace H

an
H

quantumstate a s 14 aparta nonzeromultiplicative complex
scalar y

plus and 14 describe thesame quantumstate Weknow Flay4 1

Wecanchoose a normalized Ket 47 fordescribing the quantum slate anywaythere is

µ
a phase ambiguity

Iply 112 scalarproduct between plus and p41 plus
t
plus

p fast plus p cutglut guy 4141
Ipl silly

Forexample if M isnormalized

11411 414 1

butifwehave p e
it then

Ipull Ip dull pl 1

If 14 is a normalized Ket then also e ly is a normalized Ket

tI ftp.tmyasis
puns n o1.2 ofthe Hiblert spaceoh Kets is givenby

the eigenkets eigenvector oh the hamiltonian operator energy observable

HMn EnMn

The eigenvalues En arethe possible results of energymeasurement 43



Time dependent Schrodinger's equation fun are the stationary quantumstates forthe
QHO I stateswith welldefined energyEm
Ageneric quantum state can be expanded as

H É aliens
with scalar coefficients

An YMn

v

Xo YYo

X YYr

In YNz

n sums

ly e I Hilbertspace H
X

In
Iet

yavality

past sup e s at it Ant DualHilbertspace at
bra

T DAGGER intermsofmatrix algebra isthe hermitian conjugated I conjugated
transposed complex

Yonjugation1
transposition

excangebetweenvansandcolumns f

ftpftfmpratory.gg is a anoousspectrom hermitian operator

Inoquantizationdiscretization intheposition measurement

The eigenvalues form a continuum noncountable infiniteset44



A CXY t to

anyreal value is a possible resultofthe measurement of xyz Alsotheeigenkets formacontinuum

Wecan identify theeigenkets oh I with eigenvalues x astheDirac'sdelta functions centered

in t

ok x continuous spectrum infinitenorm eigenkets

lolxell L ok it ioÉ
Weknowthat

I ok x fix dx fix

lolx x 8101 s to

Generalized orthonormalization condition for eigenkets ofcontinuous spectrum observables

I ok x ok x de Otro x

ok x e s 14 x's eigenketofk witheigenvalue x

I x x x

x x g fi gu
o for t y

O for X X

Thewave function Yul is the representation ofMY considering theeigenkets ofthe position

operator I as orthonormalized basis inthegeneralized sense

TheKet N is expanded intermsof the basis Kets x with coefficients

so 4 158 13 x a YW

fl's evaluatedin x

Born'srole the probability density functionofmeasuring a position x is givenby
Pal 5 14 1 15813 x 413113 4411 45



 

Forthe harmonic oscillator and in general forany quantum mechanical system with bounded

States the hamiltonian H hasdiscrete spectrum energy quantization

Wecan represent any quantum statedescribed by a Ket IN as discrete superposition of the

basis Kets

Mn with nonnegative integer n 0.1.2

Whichare orthonormalized elements ofH
Htuns EnNn time independent Schrodinger's equation

that is Mn describes thequantum state having welldefined valueofenergy En eigenvalues

ofH If It is time independent then Und arestationary States

Orthonormalization condition forthe basis

Nm Un 8mn

IN4 EI Unt forany 147 completeness ofHilbertspace

scalarcomplex coefficientsofthesuperposition

In UnH

Example demonstrate this expression for In using Dirac'snotation

ForthecompletenessofHilbertspace

N I AnUn forthelinearityofthescalarproductinthesecondterm

sun É m Iansantino
Ohm orthonormalizationcondition

IiAnSnm AnSnm

ttn.pe
formn

Forqubitswehavejust n 0,1

Thesuperposition canbewrittenas46



IN EniInMn fisun Y 14ns E Nn Unly 14
identityoperator

EINn Un T CLOSUREPROPERTY with4Mn n 0,12 forming an

orthonormalizedbasis

Theclosureproperty is related tothe completeness and orthonormalization of 14ns

Apolechoiseofthebasis un isgiven bythe eigenkets oh I Ienergyobservable

energyrepresentation

Butingeneral wecan choose an orthonormal basis ofthe Hilbert space describing thequantum

system formed bythe eigenkets ofanyhermitian operator i.e observables

BI ffi.it representation the basisofHilbert space is formed by eigenstates ofthe
positionoperatory lx componentofposition

continuous spectrumoperator

I has a non countable infiniteset a continuum of eigenvalues a x c to

q

eigenvalueeavationfortheoperator I
hermitianeigenketsrealeigenvalue resultofpositionmeasurement

Continuous basis

I txt with eR lanyrealvalue x

Generalized orthonormalization condition if x and Ix aretwoeigenkets oh I then

t X ourpry t
o forx x

O for t x

Continuous expansion quantum superposition principle in thecontinuous case

x de forthecompletenessofHilberspaceandthecompletenessof I x basis

complexfunctionofx 47



Xx rly Next wave function intheposition representation

Eg Lx N Ft ftheggearityohthescalarproductinthesecond
element

L X x 3 d

I X Olx 31d In
functionevaluatedatthecenterofDirac'sdella i.e x

Forthe Born'srole theprobabilitydensity functionofmeasuring a value eigenvalue x forposition is

Pla Lx N 44112

Wecanidentify

NH X N Xx

In caseofenergy representation theBorn'srole saysthatthe probabilityofMaringenin case

ofinitial Ket N is equalto quantumstatecollapsein Mn duetotheenergy measurement

Pn FlyMn Kun471
fidelity

betweentheKet14 beforethemeasurementandtheeigenket Nn

Inthe positionrepresentationwecanwrite

µ If It tarefunction
The closure property in continuous case is

tile catax i

48



 

Thewave functions of the eigenkets of the position operator I are Dirac's delta centered

inthe eigenvalue

Demonstration Hyp Ix's eigenketoh I

X's x'Ix'd

Th Yertxt Ok x

y 14 1514 4100261 fortheclosurepropertyidentityoperator

foranyKet N In particularweconsider

Y X wavefunctionNewfortheeigenket eigenfunctionof t

Iris L less ax

Forthe generalized orthonormalized condition

Yi x x lx Ofx x

Wecan write the completeness property intermsofwavefunctions as continuous expansion in the

position representation

V41 L V13 81 3 d

PropertyofDirac'sdelta

Demonstrations 141 1341314 a

salt as

UK 413 81 3 d

I operator in hermitian operatorwith

my

multiplicationof the

position representation eigenfunctionOlex and I wave function tix

by x 49



Born'srole in position representation formeasuring the position in case of an eigenfunction

of position

Phil Flw x axle's you lowx
probability densityfunctionofmeasuring a position t

Forposition eigenfunction

Phil
forx x

for X X

Completelysharp localization oftheparticle

MOMENTUM REPRESENTATION

The momentum x component operator pi is a continuous spectrum operator canonically

conjugated to position

Opa OP
thermitian eigenketof pet real
momentum quantumstatewith
operator welldefinedmomentump

eigenvalue

Continuous basisofthe Hilbert space I Ipx withany peer

pilpi Ofpi pi
Closureproperty

I passpet ape 1

Expansion in Ipx eigenket basis

Iu ily petty ape
wavefunction inthemomentum representation scalarproduct between an
eigenstate ofthemomentum bythe considered quantumstate x

F pal spelt
50



It is possibleto demonstrate

IIpx F YM
f

DeBroglierelation

px AKx we

DIRECT DOMAIN FOURIER orreciprocal DOMAIN

time t frequency f Aime

spatial coordinate x x componentofspatialfrequencyF length

y fy
z Fe

17 4 Ya

Fx 1
It k 311

Emermtransform

F Nh LNy e2tifxx a
Nlp f real é Phlox 1,1 m e tr a

Fouriertranshormohidentimmmmmmm

411 1 forany real x is the Dirac's delta

F I I e drift dx Off
I

Fouriertransform Integralas generalizedfunction

extendedtotempered principalvalue

Impered

distribution

distribution 51
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The eigenstates ofthe momentum according to thediffractionand interference experiments are

described by planewaves wave functions

Ape x c e int c e withany complex constant C o

infinitenorm thesquaredmodule Mpew isnotintegrable I up.ladx lctfjdx to

Forthe generalized orthonormalization of thebasis Ipx wehave c t h

IEEES the
Demonstration I Y't Nix ax I jetty e it ax

lie if e it de
t

ax
fouriertransformkernelwithfr pipithFl

g peppy toPII
t holpipi olpi pi 03,1 101013

Wehaveverified

perIpx ofpi pi

Nowwewant todemonstrate thatthewave function I pal is apart a coefficient a

suitable scaled Fourier transform ofNlt

Nlp pelts speltin spell lx extITN
Trifle salt ax L palesshe a

scalarproductbetween apositioneigenstate

L Vla xlp tax andthe considered state4 Nh

xpas is the eigenfunction of pr inthe position representation52



Alpe Mpe x e ift e
i ftp.t

Tipp 1 Mal é ok FINN
g p

pi operator in position representation hermitian operatorwith eigenfunctions

teifi and eigenvalues pi
I

Derivativeofwave functions Nk

ing

Demonstration it dlet Y in i Pg elf't pieif't

ABSTRACT

REPRESENTATION

MOMENTUM

HILBERTSPACE

POSITION

REPRESENTATION

quantumstate 143 Yal Lx N Nlp pelvis

positiondependentwavefunction momentumdependentwavefunction

µ
eigenfunction Ole x xx's

F

he
imfEigenstateofK

Ipa teth I OlpepiEigenstateofpi

Actionofop I
Ily

M it ftp.YIPH

Actionofoppi
pity

it Nhl preTlp 53



 

EXPECTATIONVALUE ofan observable A

µ

s finalquantumstate 19ns eigenstateofAl
initialquantumstate A

measurementresult an corresponding

realeigenvalue

quantum projective

observable

dmand irreversible

measurementofan collapse or projection of
thequantumstate into an

eigenstate of Awithprobability

givenbytheBorn'srule

Lenten 414

ADELITYbetweenlini.la

andnpinaiiistates
l d

squaredmodulusof scalar product between normalized vectors

Expectation valueofan observable A statisticalmeanof the results ofmeasurementof A

Observable A random variable A that canassume thevalues an with

probabilities Pn respectively

Statistical or ensemble mean

EIA
quantumexpression intheDirac'snotationrandom

variable

EIA EanPn
Sowecanwrite

A a Ii anPn EianKenN assumingnormalized Kets 19nsand 14754



Theexpectation value A depends on the initial state N
Wecanwritealso

A y YAND operatorA applied tothe initialKet N
414

Fornormalized Ket IN

A x MIAIN

EERIE demonstratetheprevious expression taking intoaccount the statistical definition

oftheexpectationvalue

SETON We expand 14 inthe orthonormal basis 14ns with n 0.1.2

formed by theeigenkets ofthe hermitian operatorA

141 t.EE nf Eatenh
identityoperatorin closureproperty

theRetsspace

Inen is the nth complex scalar coefficientofthe expansion scalarprojection

ofthenormalized ly onthenormalized basis eigenket 19ns

Wewritealso the expansionof the bra all
Y 147 I am16m

t

I amlast giantcamo
eigenbraofA

IIam14m It Emiemtant I am am Imamcom

Am em x

Amt 4mN Mlm
Y Ecummlamp closureproperty

N IN
identityoperator

inthebraspace 55



I1 i identityoperator in theHilbert space H oh Kets

IsoactingonKets from leftside

1 IT dualidentity operator in dual Hilbertspace ofbras

soactingonbras fromrightside

Theidentity operator 9 hasthe same formal expression inDirac's notation

inboth direct H and dual H

TI Iiten anI
s 1ft s Ken can1 butTt I

Thishappensforallandonlythe hermitian operators

Thehermitianoperatorsarethe linear self adjointoperators

A't A ladjointoperator Aadd At
Alsotheduality operation is expressedbythe symbol t

Ifweonly consider theoperator Al then thedualoperator is

N1Aatmall.LA yy
lduael

A1yj
t yyt.At gy1Aat gyAlduae1

alaureltoaninitialbrafinalbraobtainedapplying A

Forhermitian operators

Aat A
Forexampter T ten tent

Il KenKent
c Ii c ten cent

t

Ifikn cent It fiscent Ittenit Ecent canI

I l ten Ken
56



So

Ale 141ADF.is Mjlensnls
Ii Mlm OmEi onN linearhermitianoperator

But

AlonstaniarealeigenvalueofA
A x Ii Mlm amI n CenN

Ii Ulam IOantHmon CenN
forthelinearityofthescalarproductinthesecondelement

I M4m an91 1 smn kronecker'sdelta
fortheorthonormalizationoftheeigenketbasis

Finian Y19m 8mnanM

where 8mn is the Kronecker'sDelta

8mn
formen

0 formen

Toconclude

CA a Enam IN14m 4m14 Eiamseemly am us

I am 4m4 12

IiamPm

Wecandefinetheuncertainty AA of an observable A asthestandard deviation i.e thesquare

rootofthevariance oftheresults ofthemeasurementof A

observableA e s hermitianoperatorA e s randomvariableA

Ifweconsidertherandomvariable A
varianceofA A ElAl 57



Wecanwritethis expression in quantumformalism

varA AA I A A12

Forthe linearity ofmean expectationvalue with respecttoA

varA A2 2 A A A A 2LASLA A

A 2 A A

AZ A

Standard deviation of A luncertaintyofthe observable A
AA V A2 A

AAx CHIAIN 141A145

58



 

EXERCISE Demonstrate that if 14 is an eigenket 14m ofan observable A thenwe
have a quantum statewell defined value of A characterized by

the probability ofhaving as a resultof measurement of A an eigenvalue

an is

Pn 8mn
formen

0 formen

LA am am

DA 0 Herouncertainty

SOLUTOD Inthisparticular caseofinitial state given by an eigenstate am oftheoperator

A therandom variable A of the measurement results becomethe deterministic

quantity0am corresponding eigenvalue ofA

thatis theresultofmeasurementof A is amwithcertainty probability 1

Pn FlamOn Iamon 12 18mn 8mn

I
fororthonormalizationoftheeigenketsofthehermitianoperatorA

CA am 4mA am

but I4m is an eigenket Aem am 4m

A am OmIam4m
forthelinearityofthescalarproductinthe2ndterm

am iffy am

AAem varA A A 1 S Om A 4min71 am
But

IAAEm OmAgtam army
A Om A A 4m Fam19m amAlem amamIam 59



Am Ym

Generalpropertyforobservables AandB

B FIA
A Om amam

B'I9m flam Iam

soweobtain

AAem 9mIam Om am am f Iam 0

EXPECTATION VALUE IN POSITION REPRESENTATION

ObservableAwith discrete spectrum discretesetof eigenkets 1On andeigenvalues anwithn O1,2
Theprobabilityofmeasuring an is

Pn FlyUn Ican 4 12 I enlayz play adyg
2 assumingnormalized

wavefunctions

because inthe position representation thequantumstates are described bywave functions 4144.7

Theexpectation value becomes

A y Y A N I XIXUit A YIXYAONdy07
Weconsidernowthe caseof continuous spectrum positionoperator

É EYE
having expectation valuesof theCartesian components

x If X ix4,71 I VK.u.tldedydeI inposition representationisjustthemultiplicationbyx

LfYtlx
4itl.x.Nlx.y.zlaxdyd7_fix

l.u
1dxdydePlx.y

it E probabilitydensityfunction

y L y1414.7 dedyde
z L z V14.7 dxdyde

60



x sy z canbe seenasthe average coordinates of a 3D continuous random variable

withprobabilitydensityfunction

Playe 414,711

Sx y z canbealso seen as the coordinatesofthecenterofmassof a
bodywith density massperunitvolume

playit INIXyz
2

Inquantummechanics

Plxyt Yay Y N xyz P
Born'srole

positioneigenstatehavingwelldefined position value Nyit

isthe probability density functionofthe positionoftheparticle

Quit N 114.4 13.1.51V13.4.51d dyas
Butthe positioneigenfunction is

Quit13,45 813 x y y 5 z

Quiz Y 11 8 13 x y y 5 z 413y 5 a dyas 4144,7
EXPECTATION VALUE INMOMENTUM REPRESENTATION

Thequantum state is described bythe reciprocal domain Fourier domain wave function

NIpxPyPe F 41h4it
q pgfyPyfo f

Kiyay e
milfttfyy f z

g g g

Miyayz eftp.xtpy.ytpe.tl 61



till X eEtta

The probability of measuring anfor the observable A canbe calculated as

Pn On N 11 Onpx.py.pe Nlpx.pypeldpxdpydpe
Theexpectation value becomes

A a Y A14 HEY peppypalAN pe.py.pe dpxdpydpe

InthecaseofobservableP
spa D Y Hopedpope A p Npx.py.pe dpedpydpe

inthemomentumrepresentationisjustamultiplicationbypx

EXERCISE Calculatethe conditionsothat a lD Gaussianwavefunction isthefundamental

or ground stationarystate ofthe 1D quantumharmonicoscillator

i.etheminimum energy eigenfunctionYoohA
Calculatethe expectationvalues and the uncertainties ofposition andmomentum

aNhl
SOLUTION In positionrepresentation

Y x c e ax

X
H If Imw

2

Imf thf t Mw't Im fi t dMWh
Wewant

AYoIN EoYok
wecanassume c l forfindingHol Wecancalculate

aye
at
ad d e

at I 2axe at zagtee
a

62



2a t e n't xde
at dateat x sax e a

I da Gaya e ax

ileDmyemustbecancelledtoobtain agaussian eigenfunction

tangoxp tmw42 0

hence

A Yp My
Maw

Gf
a Mw
2h

andweobtainthe gaussian eigenfunction

YoH c e 1ft

Eigenvalue

Eo tina himmy I kw
e zeropoint ground energy

The Fourier transformof a gaussian function is still agaussianfunction

F e at f e
t

63



 

EXERCISE Calculatethe conditionsothat a lD Gaussianwavefunction isthefundamental

or ground stationarystate ofthe 1D quantumharmonicoscillator

liretheminimum energy eigenfunctionYoohA
Calculatethe expectationvalues and the uncertainties of position andmomentum

SOLUTION I
Wehavefound that theground state No of the I D Q.H.O.is

Yo Ce 1ft

I No Eo140 with Eo Ihw zeropointenergy

Inquantumphysics evenat T Ok the particle has an uncertainty in both

momentum and position accordingtothe Heisenberg's uncertainty principle

Evenat absolute zerotemperature the particle isnotat rest

Wecanthen calculate x and Ax in the state 1401 Expetationvalueof
position

Yo x x Nolet Itx to loftily inpositionrepresentation

I X Nowtax

you1 probabilitydensityfunctionofmeasuring t

Polx Moly Icp e
the

s it'sa gaussianPDF

Fromthe probability theory the
normfiteggaussian

is

Yok ax L Pohlax 1PointEtoganisiviation

Weknowthat inthis case themeanme is zero and the standarddeviation

is Ox

Mx O
64



20 my s ox faint

101 art fifty c pg eid withanypossible o
leg 8 01

If
generic

phaseterm

f x to Mx 0

1Axle or fantw

In fact accordingtothedefinition wehave

o
Ijyffffyungtonopt theproductisanoddfunctionofx so ifweintegrate

anoddfunctionovera symmetric intervalweobtain0

AxNo lx E 1 No x2yo KI
x2 to Nolie Yo

L Yotxt x Youax L x2 Yola ax

It x Polydx Of

We calculatenow spx yo and Apeno In position representation

Spxno NoIpxyo Yo x f itg
Finide 0 forsymmetry

Timomentumoperatorinpositionrepresentation

Weobtained asforthe expectation valueoftheposition thesame result ascancanbe
predicted bythe classical visionofthelauantom harmonic oscillator atthezeroenergypoint

What differentiatethetwovisions is the uncertainty on positionandmomentumoftheparticle

spx c Ipx I 1 yo pi a No piNo

L Mott fintydNowax

It ismore convenient to usethemomentum representation Reciprocal wave function 65



or canonically conjugated wavefunction

NoIpt p F Motel g p t L Mold e f ok
g p

1 04 eÉ y

ButtheFouriertransformofa gaussian function is still a gaussianfunctionwith a

raiseiq ggn.t
iatns

with a MW

2h
NoIpx p e Ntmw D

é2fmw

multiplicativecoefficient

The probability density functionofmeasuring a value px forthemomentum is

Polpal ToIpx DIétm 20

gaussian functionwithmean Mp 0 and variance op tmw

I spy yo Mp 0

I lapelyo ope ptmw
Nok a ToIpxt

F

r increasingor decreasingope e

x spe

solo fImw
AxterApeno A

Isprto tiny 2

FortheHeisenberg's uncertainty principle thisistheminimum possible value forthe product66



between uncertaintiesofpositionandmomentum

AlaApeto2h2

Thegaussianwave function givenbythe groundstate eigenfunction ofthe QH0
describes a minimum uncertainty quantum state

No is a minimumuncertainty state

Mn with n 12.3 arenot minimum uncertainty state

Mn x aresuitable hermite gaussian function forn to

COHERENT STATES OPQHO

at Valeharmonicpotentialenergy

M

xt
mm

tclassicalregioningclassicalturningpoints endsofthepositioninterval

quantumtunneling phenomenon similartothe evanescentwave inclassical physics

aEnergy

potentialbarrier

MÉTIT total
energy

constantofmotion

classical turningpoints kineticenergy 0 velocity o inversionofmotion

Thecoherent states arenot stationary states not eigenstate of ti forthe QHO showing

minimum productof uncertainties in position andmomentum minimum uncertainty states for

theQHO 67



Ia IF eBig MRstigenketsofti la witheigenvaluesEn Int hw

withany complex number x late

In position representation

YaW e ÉMrTEs hermitegaussian eigenfunctionsofA
Thecoherent statewith a 0 is justthe ground state

10 In o
coherentstate Mao x Yok s groundstateeigenfunctionwin
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Consider aninitial l D gaussian wave packet a minimum uncertainty wave function with

expectation values

x to at t o

ape po Moo at t 0

This wave packet canbe seen as the quantumversion of a classical body with initial position

to and initial velocity to inthe quantum casewehave uncertainties in positionandmomentum

In general this gaussianwavepacket is not a stationary state so there will be anevolution of
this state in time

Int o Ny c e fig e
int
P htt K E

uncertaintyattime to

Exercise verifythat spa Npity p
We have ax Spx 42 forthe Heisenberg's principle

In the caseof l D QHO this gaussian wave packet evolves intime as a coherentstates

la provided that IsNofat
Moreover if to o and Po 0 thenthe coherent stateis the groundstate 123 10

1a É é Ir In

Thisstate isnotan eigenstateofHohthe QH0 but it is a superposition of eigenstates

ofA the coherent state is not a stationarystate time evolution

Kit é Tko e it Yu étt Ii é f figpunctionsontitimeevolutionoperator

tzInWigg
unitaryoperator thermitegaussianfunctions

Ian é think
ButUna areeigenfunctions ofH with eigenvalues 69



En hw n t
and even eigenfunctions of e ft with eigenvalues é

ten

e tti.unw e iEEn.YnIN

complexnumberwithmodulus 1 pure phaseshift

the time evolution of an eigenfunction ofH isjust a phaseshift the quantum state

inthiscase doesnot change STATIONARY STATE

Forthe coherent

sign
e
tentNnwVK.tl Ii

It is possible to demonstrate that

UHt lap e init with ex Malt latjpg coslat o
with A IN eis harmonic oscillationofthecenterpositionoftheWarepacketfollowing

thesame behaviourofthepositionofabody inthe classical
harmonic oscillator

Ingeneral forany quantum mechanical system

pe m.gg x

extension toquantum mechanicsoftheclassicaldefinition Pe men mi

Spx laV2mwh sinwt 8

aEnergy to Vix

X Input Esfora coherentstate

classicalturningJoint po o

thisgaussianwavepacketoscillates backandforth between the classical turning points with ex apes

followingthe same rules of classical mechanics theuncertaintiesDX Ape remainconstant70



Dx gnaw forany tzo

Ap Fmw forany tso
2

NO spreading forthe coherent statesof the aHO

Weconsider nowthe flD evolution ofa gaussian wave packet infree spaces i.e noforceson

the particle VH1 O withany initial uncertainty ISHo

Wehave

px MCox M d u
at

withthe initial conditions

sx Xo at t 0

Spx p at t O

and dspx 0 constantofmotion likeinclassicalphysics
at
L ape po forany t20

141112 groupvelocity ro Po
m

at t o at t I20
i i

e i swidthnWo I spreading LAME SHO

i
i x
to µxIt01 MxIII

d x I spx Po
dt M M This is ageneralrulevalidforanyquantum mechanical system

x xo Po t µIH Xo Pem t
M

Thecenterofthewavepacketmovesatconstant velocity 1noforces inertialmotion 71



Butthere is the spreadingofthewavepacket duetothe Heisenberg's principle

In classical mechanics if there is a spreading box DAIM ofthe velocityfora wave packet then

the spreading DX after a time t is

Dx Alk t Dpx t
M

In quantum mechanics wecan consider the squareof this Ax asanadditional term expressing

theincrease ofthevariance i.e thesquareofthe uncertainty ofthe position forthewavepacket

OxIH Dx Sx Spx5 t
m2

Weareconsidering theinitial uncertainty formomentum Ispelo because for a free particle the

momentum is a constantofmotion in both classical andquantum mechanics

A physical quantity is a constantofmotion for a classical mechanical system if itsvalue is
constant line it doesnot change inthetime

Exempt the energy of a mechanical system subject to a conservative or non dissipative

andtime independent fieldofforces Ithatis in caseof existence of a time
independent potential energy1 is a constantopmotion

Example both momentum and angularmomentum of a mechanical system not subjecttoanynun

force line potential energy equal tozero areconstant0h motion 1inertialmotion

Inquantummechanics an observable is a constantofmotion if the probability distributionof the
random resultsof measurement doesnotchange during time evolution0hany initial quantum state
Hence the expectation value and uncertainty of a constantofmotion are time independent
forany quantum state

72



Also in quantum physics themomentum is aconstantofmotion fora free particle

fup Spx po

Iop Apr Apx

foranytime interval Of teE in absenceofquantum measurements in timeinterval

Summarizing Gaussianwavepacketforquantumharmonicoscillator

A gaussianwave packet with initial uncertainties

1 lato faint
lapel fling

at t o

remains a minimumuncertaintywave packet withconstant uncertainties

1 a fam

Ape fling
forany tso

Axllapel I
Thecorresponding quantumstate is a coherentstate showing a time evolution

ofthe expectationvalues of positionand momentum according tothesame

lawsof classical physics thatis harmonicmotion

Freeparticle

Thefreeparticle is another example ofquantum mechanical system showing

a time evolution of expection values of position and momentum according

totheusual classical roles inthiscase giving an inertialmotion that

isthemomentum is constant ofmotion
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1 spx p

1 x to Pg it

Forany interval oftime Ost et inabsenceofmeasurements inthe
interval

Being the momentum a constantofmotion theuncertaintyofthemomentum

doesnot change in time

Apx Spx for Ostet

It canbe seen as theinstantof timeofthefirstmeasurementafterthe
initial preparation ofthequantum state at t o

Incaseofan initial minimum uncertainty gaussianwave packet at t o

AloApolo I
Thewave packet remains gaussian in the timeevolution butwith increasing

uncertainty in position

sx flattie spy t flatit s ft
andhence no more a minimum uncertainty wave packetfor t 0

Wehavethat x andpx arecanonically conjugated mechanical quantities also inquantum mechanics

x Pt action M KyMs KyMys J s

It E action s s J J's equivalent

In quantum physics

DHAPAIE
LAHIDE 2 I TIMEENERGY UNCERTAINTYPRINCIPLE74



It isnoteasytodemonstrate thisprinciple because in quantummechanics time isnotanoperator observable

butwecan intuitively derive this principle fromthe Heisenberg'suncertainty principle

Mtatagivent instantoftimecorresponding tothe passageofthepeak

e If
OhtheGaussianwavepacket in t

E

Warepacketofwidth DX moving atgroup velocity to Polm But No DMst sotheuncertainty is

At p Apom

andtheenergy uncertainty infreespace is

DE A arm g arm ppsp
Pom sp

At DE Appm Pomsp DxDp I
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Yem Hilbert space H ohKets todescribe thissystem

It ispossibletodefine adiscreteorthonormal basis of H
On with N O 12

Forexamplewecan considerthe stationary states given bythe eigenketsof A butwecan

choose the eigenkets of anyobservable

Weconsider an operator A in It that isactingonKets

N Atifor transformedrector oh 14d byapplyingA
14s A Y commonformalism

LINEAR OPERATOR

It ischaracterizedbythe linearity property

ATIAOn E InAlan
Alloperators used in quantummechanicsare linearoperators

IfweconsidertheexpansionofanyKet 14 intermsofthebasis 41941 then

14 EiIn On
A 4 EiInAlan
I havea complete knowledge of A when I know

Iffy
with n 0,112

AYo A 4 AOn thesetofketswhicharetheimagesofthe
n

14019195 740Alan5
a A19.7 14AOn

gmina

mu Al

Ignace ftp.mlalen

columnO column I column n
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Ifwe merge allthe columns

i thefirstindexm istherawindex

Amn OmAOn thesecondindexn isthecolumnindex

sowecansaythat
representationon

linearoperator e matrixwithcoefficients

A thechoosenbasis Amn 54mAlon
19ns

i
Forinstance

pya Alynx
cred

Am comy Amn 4mAllen Ah OnN

isualmatrixmolfli.caonItawbycolomnmoiplication

Xm IiAmn IDisthedimensionof H

Representation ofthescalarproduct

aypuny
representation

f Ipin t I n scalar complexnumber

matrix111 matrix141 matrix141

Ian cento Mon
with

an can14

you EYAn An

Example demonstratetheprevious relation

Y IN Y 1.114 where I I an sent
I Y 9m7cm I ten onN
Fili'm 4m EAnlent
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Ii I Iam In s4mt 8mn fortheorthonormalityofbasis

II Iam't In 8mn

I an In

Thesadnorm is

14112 14144 IAntIn Ei IInt

DUALOPERATOR

Westartwith a linear operator onthe Hilbert space H thatisanoperatoracting on Kets

fromleft

puny ppp
dualitytransformation

punyt If Ipry t N At
Y Y Alaurel

flannel gt

ThedualoperatoroperatesonthedualspaceAt that actsonbras fromright

yup ayo at a
representationinthe

I Iamt f An't J J I.fm
orthonormaldualbasis

On1withn0,12 matrixDot matrixxD matrixDid

Xm II Ian Aunt with Aunt Amn't

Thismeansthatthedual operator isrepresented At is represented byamatrixwhich isthe hermitian
conjugateofthematrix representing A
The t operation in Matrixoperations isthe hermitian conjugation orconjugate transposition

dagger
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Exercise Demonstratethat

in appr erepresentation

p I I aim
with

Xm Om N Y

In LOn N Y
Amn Cem A Ent

SOLUTION Wehavetodemonstratethat

Xm I AmnAn
Soweknowthat

m comte camayÉ
the thebasis

config
Tian ens

forthelinearityofthescalarpriest E
On
forthelinearityofA

I In UmlA n matrixcoefficients Amn

I XnAmn IniAmn In

DUAL OPERATOR PROPERTIES

Wehavestated that if A is represented byI Agin then At Anime isrepresentedby

i
Aint

with Aunt Amn

The dagger t operation on matrices is justthe hermitian conjugation

Demonstration Weknow theAoperatoractsfromleftonKets

IN A yr
Malityoperation t

y
thetheigfacts

fromrightonbras

Y N Y A Y e s 1414 Y AtINmy 79



Forcomplexnumbers i.e scalars T t Indeed

N N N N

Sowecanequatethesecond sidesofthetworelation andthenwrite

Y At N Y IAIN

i
ADJOINTOPERATOR

The symbol At is used forboththedualoperator Alma andthe adjoint operator Alad

Thisambiguity canbesolved considering the action ofthetwo operators in differentHilbertspaces

A is a linear operator in H lacting onKets fromleft
Atowel C At isthedual operator in H actingonbrasfromright

Alads Atl is the adjointoperator in H actingonKets fromleft

Both operators are represented bythe samematrix

i
A.int with Amit Anm

butacting indifferent ways Weknowthatthe representationoftheactionofA is the following

matrix multiplication from left

iii
I J I An'm L

ThematrixAtrepresenting thedualoperator multiplies the brafromright

80



ThematrixAt representingthe adjoint operator multiplies theKetfrom left

Example

Y At pry KYAtmelpro

representation

Y 109 ly
twointerpretations

1 unit 1 1 aint

Thematrixproductis associative s noambiguity

Thedaggeroperation t is antidistributive

AB BtAt
Thisfundamental propertycanbedemonstrated byusingthematrixrepresentation andthen isvalid in

general Thedagger t inmatrix algebra isthe hermitian conjugation conjugatetransposition

Another property of dagger t is

At t A t t I

EXERAI Y At N Y AtN It IN At Y t
t

Y A yr t

Y A Y

NORMALOPERATORS

Linearoperators in It
M0MWin

81



A is a normaloperator when A is a linearoperator commuting withits adjoint
AaAt AntA

weconsider two linearoperators ABn in It
AB Y AtBly I
BA14 B IAlU

Thelinearoperator AB is representedbythematrix product

I In i Bain i I ci.in

Theproduct between operators matrices isnot commutative so in general

f Bn BA

If ABa BA then ABn are commuting operators lie they commute

Fundamental theorems fornormaloperatorsmurmur 181
A is a normal operator in H c itexistsan orthonormal basisof It formed by

eigenvectors ofA

µ I H
Ahas aspetral decomposition inan orthonormal basis

a c
A Intoan EianHnlHI

Fln IanKent isan orthogonal projectoronthenormalized Ket 14ns
tipthiscondition isverified then an arethe eigenvalues ofA and 19nsarethe corresponding
eigenkets

The spectrum ofanoperator isthesetofits eigenvalues

82



Demonstrations Weintroducedthepropertyoftheorthonogonal projectoron16

in On onI ne

Ntn
t

TyTy My eigenvectorwitheigenvalue t s
q
Y

TtyTe O OWe or ar u n o e
N NT

TyN O Otee or a n n o

in19m Onstems on gum
19m when n m

0 whenn m

Hyp A anTn Ii anIoncent
with 419ns anorthonormal basis

A14m fianOn On14m InianOn Oum am19ms

Sowehavedemonstratedthatam is eigenvalueofAwitheigenkets 19m

Aadmitsanorthonormal basisformedby eigenkets 419m V

Demonstrationofall Hyp A Ean On On1
Wecansee that if A isnormal thenalso Atisnormalwithsame
eigenkets and complex conjugated eigenvalues

At Eam19m amI t

I lamamsom
t dforlinearityofthedaggeroperation

I cam
t
Iam
t amt

forantidistributivepropertyofdagger

Ii tem emt.am

I am Iam Eml

I am Tim indeed Tmt Tm

Nowwecancalculatethe product 83



AAat Thantenscent MEam't14m14emI
an14ns am't canI

Snm

Ii anam't19nsOnmCfml
Enianan'tten scent

Ii Ian12Fln
sotheoperator AAt is a normaloperatorwitheigenkets Ilent and
eigenvalues lanl

Butalso

thatA an'tan Tin EnitantFln

and hence AAt AntAa N

selfadjoint Unitaryoperators Normaloperators

i
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Wewant to represent a normal operator in termsofmatrix representation

AAt AtA
Patria representation

inagivenorthonormal
normalmatrix I Amit A.Ém

basis

Anim I I Amn
Anormal operator A is represented by a diagonalmatrix inthe orthonormal basis formedby
its d

g
with a a a givenbythe eigenvaluesofAI Ain

Thematrix coefficients ofa diagonal matrixare

Amn anomn fan
formen

for my

loyalelements

Amn OmAOn where I 14ns n 0.1.2 is the orthonormal basis formed
byeigenkets

AOn an On
forthelinearityofthescalarproduct

Amn't cemAntwan Iamon an 8mn

COMMUTATION OPERATOR

In general

AB BA
It isuseful to definethe commutatingoperator or commutator

AB AB BA
Two linear operators AB commute ifandonly if AB 0 85



theorem two
normal operators AB are commuting operators i.e AB 0 ifEnid

only if AB are linear operators and it exists an orthonormalbasis formed by
a seteffnregmomponpofigheffy 110ns n o i a

A On an On

Blan bn19ns

Demonstration hyp AB arenormalwiththesame eigenkets

A JianTin Ii an19nsscent
B IbmTim Emibm19m em

AB IianOnken Embm19m1cm I
E'fianbmten Inf cemI
Iianbm8mm19nsamI

I anbnten eml EanbnTin
Weobtained that AB is anothernormal operatorwithsameeigenkets
19ns ofAandB andwith eigenvalues anbn
BA Iibnan On On Ibnan In AB

Wehave demonstrated that

AB AB BA O N

In thiscase

choosing

as basis I 19ns thediagonalmatrix representation is

AB BA
b
alp
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HERMITIAN OPERATORS orselfadjointoperators

Definitionof hermitian operator

At A
Anhermitian operator ianbe

seth
as a normal operator A having a spectral decomposition withall

realeigenvalues

Example demonstrate thatan hermitian operator is alsonormal

HIP At A
Sowecanwrite

AAt AA A
AtA AA A2

Hence

AAt AtA
great

eigenvalues an an

Demonstrations Hyp A fian On canI
eigenkets

At Iian On ont EianTn
t
Ean FI

fi anTn
Theorthogonalprojectorarehermitian

operators

In tencanI
Ant lienson t ont OnEllenKent

Demonstrakonthatzeigenvaluehantermitanceratorarereat

Hyp At A

AOn anOn

OnAOn Glanton
TectationvalueofAintheeigenket 19nsmustbeequaltotheeigenvaluean

anLyn An

Wenowhaveto considerthedual expression 87



Alen t anton
t

OnAt Onant an Un

OnAtOn an OnOn an

Butwehaveobtained

OnAlens an

Byhypothesis At A an an

Soeach eigenvalue an is real W

Demonstrate If a t a aretwodifferent eigenvaluesof an hermitian operator thenthe

corresponding eigenstatesareorthogonal

Hyp A 4 at14
A 4 an pig

with a an

It is convenient forevidencing the scalar product to closethefirstexpressionwith24 I
andthe secondwith CYl

MY a14 ar surla's

Y Alung an yipping
A or T

Y la ly
t
fancyly

t

Y AtY 111 Y x
Butweknowtheoperatorishermitian 1At A hence

N ATIN Y A Y
Sowecanwrite

IN A14 a N N

Y AtN a LY IN

la at N IN 088



But a a by hypothesis x 413 0

Sowehavedemonstratethattheeigenkets IN 14 areorthogonal N

ORTHOGONAL PROJECTOR

Normaloperators

Hermitianoperator

Anorthogonal projector TT bydefinition isan hermitian operator IT T withtheproperty

T IDEMPOTENCEPROPERTY IT TT Thorany integern 1

Example T F F FTTI t p
in FiFi IT

Erthogonal proietorsineolidiangeometry

az

go
VersorsMTMTMT lengthequalto1

att F NItNTtFe Uxat NyNy Vzthe

Ty scalarcomponents FEIT'tn
Ve MIF

r e

Thevectorprojection of it along e axis is

Ty Vytty INTT AT
scalarcoefficientoftheprojectionalongyaxis
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Ty F Ty INTT AT

Obviouslywehavethat

TyF try TtyVT
hence

IT Fly
idempotenceof orthonormal projector ineuclidiangeometry

Sowehave

Ty F Ing etmy
Generalizationto

pm jiffy gyngansion
of4 Am

Hilbertspaces

Om Im foranyKet IN
l

Im Iam Uml
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ORTHOGONAL PROJECTOR

p
HilbertspaceH dimension 1finiteorinfinite

Anorthogonal projector of rank r lOe r ED with r integer is defined as the

orthogonal projector i.e an idempotent hermitian operator in a subspace Eir 0h dimension

r of the Hiblert space H that canbewritten as

Hz EIIanKent
where I191 1921 her I is the orthonormal basis ofthe subspace Eire
In general the rank of a linearoperator is thedimensionofthe subspace formed byallthe

image rector

Incaseofrank r 1 we obtain the orthogonal projector in a single quantum space

The 10h01
The eigenvalues ofThe are

y f
1 withmultiplicity 1 Iorderofdegeneracy

0 with multiplicity ID It

Forexample

the µ
IV for 14 at9 It isthesamequantumstateof e

O for 19 41 0 14and4areorthogonal
thatcanbegeneralized to the eudidian space

a Z

VIHyaxis
Flytry try

y TtyVI O

x e VI Hxaxis

91



Exercise Demonstratethat theonly possible eigenvalues of an orthogonalprojectorare 0andl

SOLUTION BydefinitionofT wehave the idempotence property

T2 IF
Wecanwritethe eigenvalue function

my III eigennet
T ly ti ITM I TIXIN I ATIN X Nys

X thisisageneralpropertyofanyoperator

In particularfor orthogonal projectors

T ly ITIN XIN no

Byequating IO and

X H X 43 foran eigenket IN hence anonzerorector

It
72 1 717 11 0 a Y N

Thetrivial caseof havingonly 0 eigenvalue isthenulloperator The other trivial caseofhaving

only I eigenvalue isthe identity operator rank r D

I us 1 N IN

II 1 ten can1 1
THEORYOF QUANTUM PROJECTING MEASUREMENT

Nondegenerate measurementofan observablewithaigreteandnondegenerate
spectrum

finiteorinfinitecountabledimensionofH alleigenvaluesarenondegeneratethatiswith
multiplicity orderofdegeneration equalto1

Themultiplicityofan eigenvalue isthedimension of thesubspace formed by thecorresponding
eigenkets

AN a y92



Alla ly aAly alatus

If 14 is eigenket also a 4 is eigenket

In caseofmultiplicity g integergall of aneigenvalue wehave g orthonormal eigenkets

corresponding tothis eigenvalue

A On a an

for 141 1421 16g s the orthonormal eigenkets

Igeffthinftpjfaimension7j gisthemultiplicityoftheeigenvalue a

Inthe nondegenerate case

p
mtheigenketofA

P H
s 19m finalnormalizedKet

quantum
collapse

initialnormalizedKet

Quantum
measurememppeasurement

result IMth eigenvalue

oftheobservableA

Probability Born'srule

Py Icamly Flyem
T

squarednormoftheorthogonal quantumfidelity
projectionofthe onto14m

Demonstration Theorthogonal projectionof 10 onto 19m is

imIN 19m emIN
11Tim14511 Timms Timms Y Tim TimIN

Y TTmFmlxs j
usetheprojectorishermitian

Y Tim Y 414m 4m14

pm y Fgmjgr
productthe t isthesameop

emIN 12 Pm N 93



Degeneratecase Iatleastone eigenvalue is degenerate

quantum

Iollapsid n On with 14ns n 1.2 n eigenketswitheigenvalue am
14

quantum

measuremempidsorement
result
isaneigenvalueofdegeneracyorderormultiplicity equalto r p

oftheobservableA
There isnosimplewaytogeneralizetheBorn'srole buttheprobabilitycanbeexactlywritten withthe

orthogonal projector Theprobabilityofhavingresultofmeasurement am is
Pm 11FireIN 11 II Ican4512

fj is5ftkmmmmr.ie foranyinitialstate et ifandonly if the
hermitianoperatorst.BCOMMasoknownas compatible observables

AB arecompatibleobservables

anyinitial x

Hermitian operator AB commute

lie AB 01
T

ABhaveasetoh
commton

eigenkets

IAI I

forminganorthonormal basis
I On WithN1,2 D I

A14m amOm
B14m bm19m

Therelation I canbeunderstood inthisway

leigentqyt.BY
1am

Ms
s bm

amopa
leigental

ohA
a.mop

eigenvalueofB

Afterthemeasurementof AandB when AB 0 thereis a quantum collapse ororthonormal94



projection into a common eigenstate Om which is thestatewithwelldefined values amand bm

Oh Aand B respectively

Twoobservables AB arenotcompatible when AB 0

Canonically conjugate observables likepositionandmomentum arenotcompatible

Uncertainty principle ingeneralform

sale IAB x2 IA.IT

Wecanverifythat

AB antihermitianoperator i E hermitian operatorIABarehermitian

AB t ABi

IB
t I B

KYE aremutually compatible it ispossibleto simultaneously measure xy t and hence

theposition vector t xyz

pipipi arecompatible themomentum vectorcanbemeasured

EXERI Verifythat

IY O

II 9 Ig g I
Wehavetoverifythat

FY g f
Solution Inthe position representation

KY N XyY144,4

YE N s ye44.4.7 95



but xy yr s xyYK.ua UxYlx.yzl sothe operators commute

Iya ya I

EERIE Verify that

pi pi o pipi pipi
SOLUTION Inthe position representation

pipity fit f ing Mix4.71 tEyMinuit

pipe14 fitgf it Mix4.71 tgMinuit
but from a mathematical theorem

Iris
sotheoperators piandpiare compatible

Exercise Verify that Ipi arenotcompatible that is Fpi to

SOLITON Inthepositionrepresentation

Kpk N s xf itgVK.y.tl

pit us it Minya

IIpilly s itx Minuit it INK.ua

it 31 I Nhl x.gg ikMk.yitl 0

Sothe I andpi arenotcompatible
ItD t t laxllspels I Ej96



 

UNITARY OPERATORS

Wedefine a linearoperator as an UNITARY OPERATOR 0 when its adjoint It is equal
totheinverse 0 oh the operator

defI
unitaryoperator e ft O t

thatis Oft OO 9
0

EXERCISE Verifythatanyunitary operator is anormal operator

0 unitary normaloperator

f ft ft0
SOLUTION Fromthedefinitionof unitaryoperator

O ft Ot f I

Because any unitary operator isalsonormal wecanwrite the unitary operatorwiththespectral

decomposition

Theorem

1 1
Unitary operator a Normaloperatorhath

I i

O Finnan FinnHutton
Unitaryoperators

withscalarcoefficients unof

impatient
1

forany n O1,2

moreoverweknowthatUnarethe eigenvalues and 19nsarethe

corresponding eigenkets that forma orthonormalbasis

EXERCISE Demonstratethat

0 unitary operator alltheeigenvaluesareofunitarymodulus Ian1 1 Tn97



SOLUTION O 07 MQ

1016It lute t

NYistread
Keli 1611 461u 1611
61116146 1ul o
616 Hut sales

But 191 is an eigenketandhence isanonzerorector

11611 1019 0 In I IMI I

Demonstrations Hyp O Fantin Ie
iontensent

eigenvaluesofunitarymodulus

th JtJ j Jt p
Dea It EieiumIm

t
fortheantilinearityof t

Ii e
iomTmt orthogonalprojectorsarehermitian

Ii e
itemTim

it.it eTimEYiiitinim

mIineiomeionTImTTn

Timtin É
Tim form n

omn.im
formen

Infact

timinatiittitiisitomiana
0mn19m Iam 8mnTim

Hence fortheclosureproperty

Ott Eneiomeion8mnTim IITin fi tencan I i N98



In asimilarway

T.pt Ee
ione ionin I

Theorem unitary operator

1ft gg
c s

linear operator conserving thescalarproduct

andhencethenorms

Wecansaythatunitary operators arethegeneralization to Hilberspacesofthe geometry operations

rotationsand reflections conserving angles and lengths in euclidian spaces

Demonstration Hyp Dis unitary operator

14 014s
1pm 016

T Conservationofthescalarproducts

O IN 9114

Dea 14 16
t
1019s

t
or ft

O IN 9IEEEN's OITIN COINS V

Inparticular

1101nA 1114311

being

Holy11 10141401411 exOt ily 1114 11 r

Wecansaythat

unitaryoperator linearoperator transformingan orthonormal basis tent n 0.1.2

intoanother orthonormalbasis I In 019ns n 0.1.2

It isobviousthattheorthonormalityofthebasis is preserved by applying 0

OmUn 8mn 99



Im In am itOOn Sam T On AmOn 8mn

AnunitaryoperatorO is represented in a given orthonormal basisby an unitary matrixU thatis
amatrixwith inversematrix U equalto the conjugate transposematrix U

Thematrix coefficients ofOare
Umm 19m1014ns

Theinverse matrix shows coefficients

Umm Sam10 19ns 19mOtOn Umnt Unm

in a given orthonormalbasis 19ns n 01,2

Ounitaryoperator unitarymatrix U in theinversematrixisthe

a givenorthonormalbasis conjugatetransposematrix

Umi Unm

Ir
matrixwithorthonormal

columns rams

g

T
F fixedvector s scalarcoefficients

sy dependsonthe
carthesianreference

E Y

on n o1,2
unitaryoperator

10ns n 0.1.2

fixedKet N scalarcoefficients In Only dependingonthebasis

Y I 19m On us I 1 on
matrixrepresentation

a

columnvector100



In thenewbasis 4 Fm m 0.1.2 the sameKet 14 is represented bythecolumnvector

ImIsamines

Calculatetherelation between Im and Itn
Im Emly

but Oml lIm
t
1014m t cam it Hence

Im comlot y am it ily comlotE'anOn Ei in cam1019ns

I InUnit I
Umnt.tn I UmiIn

v

pin gumi
inmatrixform

II I unit
orequivalently

it
withUmi Umnt Unit

Considernowa linearoperator A represented in an orthonormal basis I19ns n 0.1.2 by

matrix coefficients

Amn OmAOn
Nowwewant to calculate the matrix coefficients in anotherorthonormal basis 1On with n 0.1.2
Amn OmA In with 1In 014ns

Amn somtalons comllit.at s ImY1tnsnt.a.ilaicatois

I EmOn onA a
yyngosureproperty

InFutian OnAllaTrott
IF
UmhtAnkUrn 101



I Ann I I unit Ain I un with Umi Umi Unni
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QUBITS

The classicalbit is described by a classical physicalsystem thatcanassumeonly twostates

bito

bit1

Forexample

openswitch closedswitch

Ditto bit1

ThebitcanbetransmittedForexample

Nassicaltransmissionchanney
R

Transmittedbitsequence
01001101

Relievedbitsequence
01011100 withsomeerrors duetonoise

Aftererrorcorrection the relieved bit sequence is identical to thetransmitted one

Example inoptical communications the classical bitsare implemented as on off lightpulses

P a O f l O O I 0
us noise bitrate EFB IT ISD

utter
e sbitslottimeT

Theclassicalbit canbealso described by a deterministic logic or boolean variable assuming

the values true or false

Inquantum informationandcomputing the basic elementof information isthe quantum bit

named QUIT instead ofthe classicalbit
103



basis orthogonal quantum states

101 and 113

generating anHilbertspace of dimension D 2

Thequbit is the quantum stateof a physical quantum system described by a 2D Hilbert

space expressed by a linear superposition

iii i jjiidiisisaw.it
Orthonormal basis for qubit Hilbert space

On n or 11403 101 19 111

So x andB arethescalar complex coefficients ofthe expansion of thequbit IN

qubit ly
ere
presentationinthe

410s

so x a

computationalbasis 914 1 41 13

represents thequbit

EXERCISE Calculate ON

SOLUTION 10141 10 alot plus Colao so p is

asolo B Oli
Butfortheorthonormalityofthebasis I seemon 5mn

a 010 B1011 x I BO X
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The normalization condition forqubit is

In 113
2
1

Demonstration 1114311 414

IN a10 B is

Y 4
t
a CO 13 111

w us a coltBasil NO BID
xx BAT pay pep

XP 1131

Thenormofthequbit is thus

IN11 IN 1131

Example demonstration usingmatrixalgebra

QUBIT

1 M
ret s cu e

p
at 13

11411 NH at BAY xx 1313 1 5 11312

SINGLEQUBIT QUANTUM GATES

Min
opergator

Hout Mont OMin

µ

unitary

61 111 Hit
Umn Om O On withMin 0,1 forthequbits

105



boo 1000

Va 01011

un s gyo

matrix coefficients oftheunitaryoperator I describing

a quantum gate inthecomputational basis I 101 111
Un I10117

Rout WooXin VoiBin

Bout VioXin UnBin

Example

joy
y 01,0

II 100111
r isthefirstcolumnohthematrix

I

y
t y secondcolumnoftheMatrix

EntyII.io
PAu xoatel

0 1
classicalNOT

Min
y tout

quantumNOT

Characteristicactionof 1 onthebasisqubits

10 11

in 101

Alinear operator is completely characterized byits actiononthe basis rectors i.e bythematrix
coefficients106



If If firstcolumnohX

g
U
If secondcolumnofX

X Y s Pauli x matrix

front
t
t 11 11

Pauli's operator unitary and hermitian operator with eigenvalues Il acting onqubits so
definition

in a 2D Hilbert space

EXERCISE Verify thatX is unitary andhermitian

solution D Xis unitary because it is a mapping between orthonormal basis Infactwehave

xt1,0 1,081 x

XTX X X X

X Xt X X X

and

19111981 18,4
hence

XtX XXt I identitymatrix

X l Xt X isunitary

Wealsohave

Xt X X is hermitian observable

107



The eigenstates oh I are the orthonormalized states

11 7 1,110 11

11 1 1,110 1131

EXERCISE Verify that 1 1 7 0 and it t s t 1

SION I It t t to Ii
t

t lso il

l s t coltall f 110 11

L 1010 Oli 110 111

I 11 1 0 inbraKet notation

In matrix algebra

it s fl
m s till
41 3 1,1 111,1 14111 11 11 0

In factwehave

El I Tyleisenvalve
in

eigenvalue e

I Kittu Hi

108



Phaseshiftgaten

Mind
pa

tout

phaseshiftof

Ro0 10

Rolls eid is

In this casetheeigenkets are 110 111 with eigenvalues 1 eid

f y firstcolumnofRoll

p
e'd
q

secondcolumnofRa

Ro i
Diagonal matrix because thebasis qubits 101 i areeigenstatesofRd

Inthe particular case of O T weobtain the PAOLI Z GATE

z
t o

o p
diagonalmatrixwith eigenvalues It and alsohermitian

pot
l o t r o

0 eid 0 eid

In general Rot Rd nothermitian except for

g o Ro If9 I

O TI Re f If Z

S GATE 5 R
s 1 109



T GATE T Rita

tie

f
lies no

41 19
it til

Y L O i

Yisbothunitaryand hermitian with eigenvalues I 1
Theeigenkets ofY are

gli all M

with eigenvalue4 is g lo ay

witheigenvalue

Infactwehave matrixrepresentation

This 1,1110 il's IEYIif Ili ill it
IET tallit

eigenvalues Il

Anormaloperatorcanalsobedefined by its spectral decomposition that is knowing its
eigenvalues and eigenvectors

EXERCISE calculatethematrix representing thePaoli Y gate usingthespectral decomposition

SOLUTION ThePaoli Ygatehas eigenkets

It is 1101 it is110



with respective eigenvalues t1 soits spectraldecomposition is

Y

IfjÉ fÉaprojectorontolisandti

Ii sit l i c it
Intermsofmatrixwehave

y This This
Where Toi ik it isrepresentedbythematrix

in fantjoritresenting
thebra sit list flat ish

Tmnrector
representingtheKet Ii 1,1101 ill

Iii I i it it I i i

i ni
rawbycolumn matrixproduct

Theorthogonal projector ontotheother eigenket I i ofY

Mi t ik it
is represented bythematrix

i s d fir it i i
i n

Weremarkthatthesumofthetwo matricesThi andThe isthe identitymatrix

Hi This L l i t

I i i I 2 0 l o I

i l i l 0 2 0 1

Thisisageneralproperty forthesumofthe orthogonal projectors onto eachrectorof
an orthonormal basis I 194 I n ora D l

111



Accordingtotheclosure property

EITien It tencent 9
In caseof theHilbertspace ofqubits dimension D 2 wehave

Tpa IT 190 190 141 or 1
Hence it is also possibleto calculate the second projector matrix aftercalculating the

firstone as

Tre I Me r o i i i I i i
0 t i t i 1

ThematrixofthePauli Y gate canbethen obtained from the spectral decomposition

i p

j

Fromthismatrix we obtain the roleofapplicationof Paoli Ygate on the

computational basis

time

secondcolumn

ofmatrix9
Thatis inbraKet notation

I910 it is

I4In i10s

NOTE Thematrixrepresenting aPauligate inan orthonormal basis forexample the

computational basis is both hermitian and unitary It is possible tomake a

quick check ofthese properties in termsofthematrix coefficients

Letus consider a 2 2matrix representing a linearoperator actingon

qubits
112



A
Ao Ao

An Air

Theadjointmatrix orhermitian conjugate or conjugate transposematrix is

At
AE AE
AE Ai

A is a hermitian or selfadjoint matrix bydefinition when A At thatis
Ao Ao Aoi AE
Aro An AI AI

meaning thatthediagonal elements tooAn mustbereal

too Aot

An Art

whiletheoutof diagonal elementsAaAromustbe complex conjugated

Aoi Ant

Ano Aoi

IncaseofPaoli Y gatethis property ofcoefficients isverified

y
0 i theoutofdiagonalelementsarecomplexconjugate

h O
thediagonalelementsarereal

NOTE AMatrix

U
V00 Uo

Uno Un

is aunitarymatrixbydefinition when the adjointmatrixUt isthe inverse
matrix U that is

UUt U U I 113



Moreover theunitary matrices represent in an orthonormal basistheunitaryoperators

which havethe characteristic property ofperforming transformations ormappings

between orthonormal basis

Hence the columns whichare image rectorsofan orthonormal basis must form
another orthonormal basis that is a unitarymatrix is characterized byhaving

orthonormal columns andalsorows

The conditionsforhaving a 2 2 unitary matrix representing a quantum gate

actingon a single qubits are

ooo Uno I normalizedfirst column

No t Un I normalized secondcolumn

VatVo tVioUn 0 orthogonal columns

or equivalently

ooo t 0011 I normalizedfirstraw

Uno Uri I normalized secondraw

bootUno VoltUn 0 orthogonal raw

It is sufficienttocheckthecolumns ortheraws andin caseof orthonormality

ofthe columns alsoifthe rams are orthonormal orviceversa

In fact if U is unitary also U ut is unitary sothe orthonormality
condition applies for both columns and rows

EXERCISE Verify thatthe columns ofPauli Ymatrix are orthonormal

y
O é

i 0

Solution Squarednormof
thefirstcolumn i

101 t lil oep114
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HADAMARD GATE A
10 s It lo is columnrector 1

orthonormal basis orthonormalbasis

lis s l i t to lis columnrector III
gym

i

H I
l i

ri r r
TheHadamardgate is another Pauli'sgate hermitian unitary witheigenvalues Ill In general
I At hermitianoperator

A It lunitaryoperator
Pauli'soperator T t t

II F involutory propertyofPauli'soperator

H HH HH p
Fromthe involutory property

12 1

sothe eigenvalues 1 11

Unitary operators eigenvalues enof modulus I
Hermitianoperators realeigenvalues eigenvalues 11

Wecanwrite

F EE where.gg janazIgE
L i r
l l116



theorem Thefouroperators FYE I form abasis fortherectorial spaceofthe linear

operators actingonqubits thatisa 22matrices

A doT t a I AzY asÉ

Éanon
1hdimensional rectorialspace

where

8 i
Joi

I
8 Y

o É

theorem A linear operatorA acting on qubits thatis acting on a bidimensional Hilbert

space is hermitian observable if andonly if
A É anon withallreal an

theorem A linearoperator of actingon qubits is a Pauli's operator ifandonly if
By f ft

3DvectorF NiNaes

Ii rn In vi I v2Y vsÉ
with Frealandformalized 3D vector

NitNitNi p

Example ForHadamar operatorwehave

iV2 O
H XtZ

F
117



Any quantum circuitacting on singlequbits canbeobtained as the cascadeof quantum
gates unitaryoperators

M 10
Min

g g g
140Mt

Your Os14 B O N'sB.t.U.MNin
Thecascade of quantum gates is equivalent to a single gate equal tothe product in reversed

order

Hout VegMin with Jeg OnOni Onz viO
Theproductofunitary operators is still unitary

BLOCH'S SPHERE REPRESENTATION

A generic qubit canbeseen as superposition of two orthonormal basis qubits forexample

107 11

14 a10 BID
Normalization condition forqubits

a t 1132 I
11

µ p
incaseofnormalization eid pi eitcosq

qubit Kolumnrector eid einsing
actliketheTineandcosineofthe
samethingthatwecall012

ein cos012

einOisinok
Representationofanormalizedqubit

y
cos1012

eidsin1012118



Wecan impose on 0 thequbit isdefinedas a rayofa 2D Hilbert space thatis as a rector

of a 2D Hilbert spaces apart a constant coefficient

Wecanidentifythequbits bythisvectors

cos1012

eidsin1012

characterized bytwo parameters 10,01 thatcanbeseen asthe spherical coordinates ofa point
P od onto a surface of a sphere ofradios 1 This sphererepresenting qubits is
the BLOCH'S SPHERE

no zaxis

northpole 10 P0,01 PxpyoEp

y

qµ
s is it 1ME

Bloch'srector ftp.YPEp OsOs I colatitude

Of0 27 longitudeFis momeridianpassingthroughP

Ii southpole

alyaxis
Thenorthpole is characterized by a colatitude 0 0 so I 0

Thesouthpole is characterized by a colatitude D IT and0 0 so eidp
eid111 11

10 and11 areorthogonal qubits sotheyare opposite points onBloch'ssphere

10 and11 areeigenkets ofthe Z Pauli operator 18s sothepoints on Bloch's sphere

arethe intersection with z axis

Weknowthatthe eigenkets of the XPauli's operatorare 1 3 and 1 the representing

points are the intersection withthexaxis

EERIE Verify theintersection Iti
119



SOLUTION Iti lo till

h i costal

i
t
eidsin012

Cog012 452 02 74 0 12

sinV12 V2 for 0 12 eid i 0 42
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Aquantumgate O represented by a unitary operator with two orthonormal eigenkets 1401 16

and corresponding eigenvalues eido eid respectively and expressed bythe spectral decomposition

O eido In t enTie
canbe described by a rotation on theBloch's sphere around an axis passing through the

centerof the sphere and joining the pointsofthe eigenkets with rotation angle 8 8 o

phasedifference between eigenvalues

a03 zaxis
rotationaxis

y
140 e s Po

rotationangle088 Po a
pout pp e p

PoPoarediametricallyopposite

fileaxis pin
p

Positive 8meansanticlockwiserotation

82lyaxis

pout g pin
Bloch'ssphererepresentation

p
rotationdueto

p
theactionof0

If pis an eigenket oh 0 then

tiffin pointontheBloch'ssphere

The X Pauli's operator

P11
quantumnot

witheigenkets It and 1 and eigenvalues ti and 1 Irespectively

e180 I s 80 0

eid I s Or IT

8 8 80 Is binaryrotation

Wehaveatotationoff anticlockwise around the rotation axis PPT

F t T T twoconsecutive rotations
opparounatfdthatg.gwhyitisuegmey.dk

Paulioperators121



X Pauli's operator e binaryrotation aroundthe xaxis

Y Pauli's operator e binaryrotation aroundtheyaxis

Z Pauli's operator e binaryrotation aroundthezaxis

Forexample

E em

Asseen ontheBloch'ssphere

In general a Pauli'soperator is

Ep Mx f MyY uzÉ where it Medyut is a Bloch'srector unitary lengthvector

Example

X Ox With A 1.0.01

Fit is described on Bloch's sphere by abinary rotation around it

TheeigenketofEa are represented bythepoints

PoMeMyMe

Rf thx My Nz
Where A MxNyMa

Hamargate

1101 1 7
HIM I S

Z basis s t basis122



1107 ID is theZ basis computational basis

It l s isthe Xbasis

Hit I it istheYbasis

A ERIE I Yat E
n n n
KE O KE

binaryrotationaroundtheaxis identifiedby et t.lt0,1
bisectrixohlx.tlplane

a03 I2axis
rotationaxis

qq.it
IFI1 IOS

rotation0hIT IF A1 3 Ha toi t
fileartist t IF to

ForaPauli'soperator

fortyaxis t t Hat I
d herdmitian

unitary

A to Halo It
Butalso All I

MEASUREMENTPROCESS ONA QUBIT

resultofmeasurement1eitheraoorai
Yin

initial010bit out incaseofdestructivemeasurementthereisnoqubit
1postmeasurementqubit1

measurementofanobservableA
describedbyanHermitianoperator I in
thequbitHilbert space

Wherei AKlos ao k
A16 a Ice 123



measurementresult
by

9
Min s

s Moat
198bit

ofpossibilities measurement

of z observableormeasurement inthecomputational basis EbasisI
110 111 forqubits

Wehave a random irreversible processwith probabilities

Po probabilityofobtainingbito F Nin0 ONin

P probabilityofobtainingbit I F Nina IpNin

consideringtheorthonormal basis 101117

Po Pr 1

Wecanalsowrite

Po YinTiro Min

IP Yin Tim Min

Po Pr I becauseTo IT 9
Theonlycaseofdeterministic measure on a qubit is when thequbit is an eigenstate of
theobservable that isthequbit is oneofthetwo basisstates ohmeasurement

Deloningtheorem it isnotpossible toclone an unknown qubit exceptfor thecase in

which thequbit is oneofthetwo basisstates ofthemeasurement

Exampte

s measurementresult bito orbit1
Min

s ifyoumeasurebito then INout 10 and 14in 10
eithertoorIrs

It is possibletodemonstrate that the Pauli'soperators htYE form a maximal setof
complementary observable

124



Two observableAB are said complementary when they arenot compatible AB 0 and

when the eigenket bases are mutually unbiased

1401A'S 10,1A Abasis formedbytheeigenketsofA
31001131 16,1 B basis

OmaOn independent from min constant Iforqubits
Min0,1 forqubits

IXY Zi Z wecanverifybyexercise

YZ Li X

Z X Zi Y
Moreover

IXY YX

a03 zaxis The fidelity between qubits 4,1 Nz is

p
Zbasis FINYa NN I

fwants I
basis cos Pig cosy

If j IT thenP andPaarediametrically

as opposite fidelity 0572 0
Ealyaxis

Is4214 12 0
Ye4 0 orthogonal states

Olt 082 1112112 112

1101 112

111 112

1111 V2 125



Min s either It or1 s

g

s either 10 or11

Po P 12

post 1101 1
2 112

1 01 7
2 112

P
111 3 2 42

Is11 7 2 112
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